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1 Introduction

Let A be a ring (commutative with identity). We may form matrices and deter-
minants with elements of A. Let M be a square matrix. Replacing the elements
of M by its cofactors and then transposing the obtained matrix we get the
matrix M∧ such that

MM∧ = M∧M = (detM)I,

where I is the identity matrix. We call the above formula Cramer’s Rule. Let
A[T ] be the ring of polynomials in one variable T . For any integer N > 0 we
denote by A[T ](N) the set of all polynomials of degree < N . Thus any element
of A[T ](N) is of the form

c1T
N−1 + c2T

N−2 + . . .+ cN with cj ∈ A for j = 1, . . . , N

and A[T ](N) is a free module of rank N . For any sequence of N polynomials
from A[T ](N):

fi = ci1T
N−1 + ci2T

N−2 + . . .+ ciN , i = 1, . . . , N

we consider the matrix

M(f1, . . . , fN ) = [cij ]i,j=1,...,N

and the determinant

det(f1, . . . , fN ) = detM(f1, . . . , fN )

From the well-known properties of determinant we get

Property 1.1. Let i ∈ {1, . . . , N}. Then fi 7→ det(f1, . . . , fN ) is an A–linear
mapping from A[T ](N) to A
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Property 1.2. Let SN be the set of all permutations of {1, . . . , N}. Then for
any σ ∈ SN :

det(fσ(1), . . . , fσ(N)) = (sgnσ) det(f1, . . . , fN )

Property 1.3. det(TN−1, . . . , 1) = 1

Property 1.4. If fi ∈ A[T ](N) are all of the degree strictly less than N−1 then
det(f1, . . . , fN ) = 0

Moreover, we have

Property 1.5. If A is an integral domain, then det(f1, . . . , fN ) = 0 if and only
if there are elements a1, . . . , aN ∈ A not all equal zero such that a1f1 + . . . +
aNfN = 0

Let us write  f1
...
fN

 = M(f1, . . . , fN )

 TN−1

...
1


Using Cramer’s Rule we get

Property 1.6.

det(f1, . . . , fN )

 TN−1

...
1

 = M∧(f1, . . . , fN )

 f1
...
fN


which implies

Property 1.7. For any polynomial h ∈ A[T ](N) there are constants a1, . . . , aN ∈
A such that det(f1, . . . , fN )h = a1f1 + . . .+ aNfN

2 First properties of resultant

Let n,m ≥ 0 be integers such that n > 0 or m > 0. For any pair of polynomials

f(T ) = a0T
n + a1T

n−1 + . . .+ an,

g(T ) = b0T
m + b1T

m−1 + . . .+ bm

we define the Sylvester matrix

S
n,m

(f, g) = M(Tm−1f, Tm−2f, . . . , f, Tn−1g, Tn−2g, . . . , g)

and the resultant
R
n,m

(f, g) = det S
n,m

(f, g)

Therefore R
n,m

(f, g) is an element of the ring A.
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Remark 2.1. The Sylvester matrix is a square matrix with m + n rows and
m+ n columns.

S
0,m

(f, g) = M(Tm−1f, . . . , f)

S
n,0

(f, g) = M(Tn−1g, . . . , g)

The following proposition follows easily from the properties of determinant listed
in Introduction.

Proposition 2.2.

(i) R
n,m

(af, bg) = ambn R
n,m

(f, g),

(ii) R
n,m

(f, g) = (−1)nm R
m,n

(g, f),

(iii) R
n,0

(f, b0) = bn0 , R
0,m

(a0, g) = am0 ,

(iv) if f ∈ A[T ](n) and g ∈ A[T ](m), then R
n,m

(f, g) = 0,

(v) For any h ∈ A[T ](n+m) there are polynomials u ∈ A[T ](m) and v ∈ A[T ](m)

such that R
n,m

(f, g)h = uf + vg

Proof. Use 1.1, 1.2, 1.3 and 1.4.

Proposition 2.3. Suppose that A is an integral domain. Then R
n,m

(f, g) = 0 if

and only if there are polynomials u ∈ A[T ](m) and v ∈ A[T ](n) such that u 6= 0
or v 6= 0 and uf + vg = 0 in A[T ]

Proof. By 1.5 the resultant R
n,m

(f, g) = det(Tm−1f, . . . , f, Tn−1g, . . . , g) is equal

to 0 if and only if there is a non–zero sequence ã0, . . . , ãm, b̃0, . . . , b̃n ∈ A such
that ã0T

m−1f + . . . + ãmf + b̃0T
n−1g + . . . + b̃ng = 0. It suffices to take

u = ã0T
m−1 + . . .+ ãm and v = b̃0T

n−1 + . . .+ b̃n.

Proposition 2.4. Suppose that A is a factorial ring. Let f = a0T
n + . . .+ an,

a0 6= 0, n > 0 and g = b0T
m + . . . + bm. Then R

n,m
(f, g) = 0 if and only if the

polynomials f, g have a common divisor of degree > 0.

Proof. If f = ũφ, g = ṽφ in A[T ] where deg φ > 0, then ũ 6= 0 and ṽf − ũg = 0
where deg ũ < deg f = n and deg ṽ ≤ deg g < m. From 2.3 we have that
R
n,m

(f, g) = 0.

Now suppose that R
n,m

(f, g) = 0. By Proposition 2.3 we get that uf + vg = 0

where u 6= 0 or v 6= 0 and deg u < m, deg v < n. Since f 6= 0 we have
that v 6= 0. The ring A[T ] being factorial there exists a prime factor φ of f
(deg v < n = deg f) such that φ divides g
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3 The resultant R
n,m

(f, g) as a polynomial in coef-

ficients of f and g

Let us begin with

Property 3.1. Let f = a0T
n + . . .+ an, g = b0T

m + . . .+ bm where n,m > 0.
Write S

n,m
(f, g) = [cij ]i,j=1,...,m+n. Then

(i) Let i ∈ {1, . . . ,m}. Then

cij =

{
aj−i for j ∈ {i, . . . , i+ n}
0 for j /∈ {i, . . . , i+ n}

(ii) Let i ∈ {m+ 1, . . . ,m+ n}. Then

cij =

{
bj−i+m for j ∈ {i−m, . . . , i}
0 for j /∈ {i−m, . . . , i}

Proof. Follows directly from the definition of S
n,m

(f, g).

Property 3.2. Let Sn,m be the set of permutation defined as follows: σ ∈ Sn,m
if and only if σ ∈ Sn+m and i ≤ σ(i) ≤ i+n for i = 1, . . . ,m and k ≤ σ(k+m) ≤
k +m for k = 1, . . . , n. Then

R
n,m

(f, g) =
∑

σ∈Sn,m

(sgnσ)aσ(1)−1 . . . aσ(m)−mbσ(m+1)−1 . . . bσ(m+n)−n

Proof. By the classical definition of determinant and Property 3.1 we get

R
n,m

(f, g) =
∑

σ∈Sn+m

(sgn σ)c1,σ(1) . . . cm+n,σ(m+n) =

=
∑

σ∈Sn,m

(sgn σ)aσ(1)−1 . . . aσ(m)−mbσ(m+1)−1 . . . bσ(m+n)−n

Example 3.3. Let us calculate the resultant of polynomials f = a0T
2+a1T+a2

and g = b0T
2 + b1T + b2. Observe that a permutation σ ∈ S4 belongs to S2,2 if

and only if σ(1) 6= 4, σ(2) 6= 1, σ(3) 6= 4 and σ(4) 6= 1.
We have

R
2,2

(f, g) =
∑
σ∈S2,2

(sgn σ)aσ(1)−1aσ(2)−2bσ(3)−1bσ(4)−2

It is easy to check that S2,2 contains 8 permutations. We get
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σ sgn σ σ(1)− 1, σ(2)− 2, (sgn σ)aσ(1)−1aσ(2)−2aσ(3)−1aσ(4)−2
σ(3)− 1, σ(4)− 2

1, 2, 3, 4 +1 0, 0, 2, 2 a20b
2
2

1, 4, 2, 3 +1 0, 2, 1, 1 a0a1b
2
1

2, 3, 1, 4 +1 1, 1, 0, 2 a21b0b2
3, 4, 1, 2 +1 2, 2, 0, 1 a22b

2
0

3, 2, 1, 4 −1 2, 0, 0, 2 −a2a0b0b2
2, 4, 1, 3 −1 1, 2, 0, 1 −a1a2b0b1
1, 3, 2, 4 −1 0, 1, 1, 2 −a0a1b1b2
1, 4, 3, 2 −1 0, 2, 2, 0 −a0a2b2b0

Hence

R
2,2

(f, g) = a20b
2
2 + a0a2b

2
1 + a21b0b2 + a22b

2
0 − 2a0a2b0b2 − a1a2b0b1 − a0a1b1b2

Let
−→
A = (A0, A1, . . . , An) and

−→
B = (B0, B1, . . . , Bm) be variables and let

us consider the polynomials

F (
−→
A, T ) = A0T

n +A1T
n−1 + . . .+An

G(
−→
B, T ) = B0T

m +A1T
m−1 + . . .+Am

with coefficients in the ring Z[
−→
A,
−→
B ].

Let R(
−→
A,
−→
B ) = R

n,m
(F,G). By Property 3.2 we can write

R(
−→
A,
−→
B ) =

∑
σ∈Sn,m

(sgn σ)Aσ(1)−1 . . . Aσ(m)−mBσ(m+1)−1 . . . Bσ(m+n)−n

From the above formula we get basic properties of the polynomial R(
−→
A,
−→
B ).

Property 3.4. The resultant R(
−→
A,
−→
B ) is a homogeneous polynomial in

−→
A of

degree m and a homogeneous polynomial in
−→
B of degree n.

Proof. Obvious.

Property 3.5. If we put weight Ai = i for 0 ≤ i ≤ n and weight Bj = j for

0 ≤ j ≤ m then the weight of any term of R(
−→
A,
−→
B ) is equal to mn.

Proof. We have

weight
(
Aσ(1)−1 . . . Aσ(m)−mBσ(m+1)−1 . . . Bσ(m+n)−n

)
=

=

m∑
i=1

(σ(i)− i) +

n∑
j=1

(σ(m+ j)− j) =

=

m+n∑
i=1

σ(i)−
m∑
i=1

i−
n∑
j=1

j =

m+n∑
i=1

i−
m∑
i=1

i−
n∑
j=1

j = mn
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Property 3.6. The resultant R(
−→
A,
−→
B ) is a Z–linear combination of the mono-

mials Ai00 A
i1
1 . . . A

in
n B

j0
0 . . . Bjmm , where i0 + . . . + in = m, j0 + . . . + jm = n,

i1 + 2i2 + . . . + nin + j1 + 2j2 + . . . + mjm = mn. Moreover, R(
−→
A,
−→
B ) =

Am0 B
n
m + . . .+ (−1)mnAmn B

n
0 , where the dots denote the terms which don’t can-

cel with two exhibited monomials.

Proof. The first part of Property 3.6 follows from Properties 3.4 and 3.5. The
established terms correspond to the permutations (1, 2, . . . ,m + n) and (n +
1, n+ 2, . . . , n+m, 1, 2, . . . , n) ∈ Sn,m

Property 3.7. Let f = a0T
n + . . . + an, g = b0T

m + . . . + bm ∈ A[T ], where
n,m ≥ 0, then

R
n,m

(f, g) = R(a0, . . . , an, b0, . . . , bm)

Remark 3.8.

R(A0, . . . , An, B0) = Bn0 , R(A0, B0, . . . , Bm) = Am0

4 The resultant in terms of roots

We keep the notation introduced above. Let
−→
X = (X1, . . . , Xn),

−→
Y = (Y1, . . . , Ym)

be variables and put

f =

n∏
i=1

(T −Xi) = Tn + a1(
−→
X )Tn−1 + an(

−→
X ) ∈ Z[

−→
X ][T ]

g =

m∏
j=1

(T − Yj) = Tm + b1(
−→
Y )Tm−1 + bm(

−→
Y ) ∈ Z[

−→
X ][T ]

Lemma 4.1. Let r(
−→
X,
−→
Y ) = R

n,m
(f, g). Then

(i) r(
−→
X,
−→
Y ) ∈ Z[

−→
X,
−→
Y ] is a homogeneous polynomial of degree mn,

(ii) r(
−→
X, 0) = bm(

−→
Y )n = (−1)mnY1 . . . Ym,

(iii) For each pair (i, j): Xi −Xj divides r(
−→
X,
−→
Y ) in Z[

−→
X,
−→
Y ].

Proof. Assertions (i) and (ii) follow from Property 3.6. To check (iii) let us write

by Proposition 2.2(v): r(
−→
X,
−→
Y ) = u(

−→
X,
−→
Y , T )

∏n
i=1(T−Xi)+u(

−→
X,
−→
Y , T )

∏m
j=1(T−

Yj) ∈ Z[
−→
X,
−→
Y ]. Substituting Xi for T (i = 1, . . . , n) we get that Xi−Yj divides

r(
−→
X,
−→
Y ).

Proposition 4.2. With the notation introduced above

(i) R
n,m

(f, g) =
∏n
i=1

∏m
j=1(Xi − Yj),
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(ii) R
n,m

(
f,B0T

m +B1T
m−1 + . . .+Bm

)
=
∏n
i=1(B0X

m
i + B1X

m−1
i + . . . +

Bm)

Proof. Obviously the differences Xi−Yj are different primes in Z[
−→
X,
−→
Y ]. There-

fore we may write

r(
−→
X,
−→
Y ) = a

n∏
i=1

m∏
j=1

(Xi − Yj) in Z[
−→
X,
−→
Y ]

We have that a ∈ Z since the product of differences is homogeneous form of

degree mn like r(
−→
X,
−→
Y ) (Lemma 4.1(i)). Substituting 0 for variables Y1, . . . , Ym

we get r(
−→
X, 0) = a

∏n
i=1

∏m
j=1(−Yj) = a(−1)mnY1 . . . Ym whence a = 1 by

Lemma 4.1(ii).
To check the second part of Proposition 4.2 observe that both sides of equality

4.2(ii) are homogeneous in
−→
B = (B0, B1, . . . , Bm) of degree n. Therefore it

suffices to check 4.2(ii) for monic polynomials Tm + B1T
m−1 + . . . + Bm. By

the first part of the proposition

R
n,m

(
n∏
i=1

(T −Xi), T
m + b1(

−→
Y )Tm−1 + . . .+ bm(

−→
Y )

)
=

= R
n,m

 n∏
i=1

(T −Xi),

m∏
j=1

(T − Yj)

 =

=

n∏
i=1

m∏
j=1

(Xi − Yj) =

n∏
i=1

(Xm
i + b1(

−→
Y )Xm−1

i + . . .+ bm(
−→
Y ))

and we get the formula

R
n,m

(
n∏
i=1

(T −Xi), T
m +B1T

m−1 + . . .+Bm

)
=

=
n∏
i=1

(Xm
i +B1X

m−1
i + . . .+Bm)

by the algebraic independence of elementary symmetric polynomials b1(
−→
Y ), . . . , bm(

−→
Y ).

Corollary 4.3. Let f(T ) = a0(T − c1) . . . (T − cn) ∈ A[T ] and let g(T ) ∈ A[T ]
be a polynomial of degree ≤ m. Then

R
n,m

(f, g) = am0

n∏
i=1

g(ci)
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Proof. Let f̃(T ) = (T − c1) . . . (T − cn). Then

R
n,m

(f, g) = R
n,m

(a0f̃ , g) = am0 R
n,m

(f̃ , g) = am0

n∏
i=1

g(ci)

The last equality follows from Proposition 4.2(ii): since the both sides of (ii)
are polynomials in X1, . . . , Xn we can substitute c1 for X1, . . ., cn for Xn.

Corollary 4.4. Let f(T ) = a0(T−c1) . . . (T−cn) and g(T ) = b0(T−d1) . . . (T−
dm), Then

R
n,m

(f, g) = am0 b
n
0

n∏
i=1

m∏
j=1

(ci − dj)

Proof. Use Proposition 4.2(i).

5 The resultant and norm

Let f(T ) = Tn + a1T
n−1 + . . . + an, n > 0 and g(T ) = b0T

m + b1T
m−1 +

. . . + bm, m ≥ 0 be polynomials with coefficients in the ring A. Applying the
Euclidean division to T kg(T ) and f(T ) we get

T kg(T ) ≡ ck,0 + ck,1T + . . .+ ck,n−1T
n−1 mod f(T ) for k = 0, 1, . . . , n− 1

Proposition 5.1. R
n,m

(f, g) = det[ck,l]k,l=0,1,...,n−1

Proof. It suffices to check the proposition for polynomials F (1,
−→
A′, T ) = Tn +

A1T
n−1 + . . .+An and G(

−→
B, T ) = B0T

m + . . .+Bm where
−→
A′ = (A1, . . . , An)

and
−→
B = (B0, . . . , Bm) are variables. Then we have

T kG(
−→
B, T ) ≡ ck,0(

−→
A′,
−→
B ) + ck,1(

−→
A′,
−→
B )T + . . .+

+ ck,n−1(
−→
A′,
−→
B )Tn−1 mod F (1,

−→
A′, T ), for k = 0, 1, . . . , n− 1

Therefore(
ck,0(
−→
A′,
−→
B )−G(

−→
B, T )

)
+ . . .+ c0,n−1(

−→
A′,
−→
B )Tn−1 mod F (1,

−→
A′, T )

...

cn−1,0(
−→
A′,
−→
B ) + . . .+

(
cn−1,n−1(

−→
A′,
−→
B )−G(

−→
B, T )

)
Tn−1 mod F (1,

−→
A′, T )

By Cramer’s rule we get

det
[
ck,l(
−→
A′,
−→
B )− δk,lG(

−→
B, T )

]
≡ 0 mod F (1,

−→
A′, T )
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Let P (
−→
A′,
−→
B,Z) = det

[
ck,l(
−→
A′,
−→
B )− δk,lZ

]
∈ Z[
−→
A′,
−→
B ][Z] Then

P (
−→
A′,
−→
B,Z) = (−1)nZn + terms of degree < n in Z,

and
P (
−→
A′,
−→
B,G(

−→
B, T )) ≡ 0 mod F (1,

−→
A′, T )

Let a(
−→
X ) = (a1(

−→
X ), . . . , an(

−→
X )) be elementary symmetric functions in

−→
X =

(X1, . . . , Xn). Then F (1, a(
−→
X ), Xi) = 0 (for i = 1, . . . , n) and P (a(

−→
X ),
−→
B,G(

−→
B,Xi)) =

0 for i = 1, . . . , n. Therefore we get P (a(
−→
X ),
−→
B,Z) = (−1)n(Z−G(

−→
B,X1)) . . . (Z−

G(
−→
B,Xn)) which implies the identity

det
[
ck,l(a(

−→
X ),
−→
B )
]

= G(
−→
B,X1) . . . G(

−→
B,Xn)

By Proposition 4.2(ii) R(1, a(
−→
X ),
−→
B ) = G(

−→
B,X1) . . . G(

−→
B,Xn), therefore

det
[
ck,l(a(

−→
X ),
−→
B )
]

= R(1, a(
−→
X ),
−→
B )

and
det
[
ck,l(
−→
A′,
−→
B )
]

= R(1,
−→
A′,
−→
B )

by algebraic independence of elementary symmetric functions.

Remark 5.2. Let B = A/(f(T )). Then B is a finite free module with basis [1],
[T ], . . ., [Tn−1] where [p(T )] is the image of p(T ) ∈ A[T ] by the homomorphism
A[T ] 7→ B. Proposition 5.1 can be rewritten in the following form

Norm B/A([g(T )]) = R
n,m

(f, g).

6 The resultant and Jacobian

For any sequence of polynomials P1, . . . , Pr ∈ A[X1, . . . , Xn] we consider the
Jacobian matrix

J(P1, . . . , Pr)

J(X1, . . . , Xn)
=


∂P1

∂X1

∂P2

∂X1
. . .

∂Pr
∂X1

...

∂P1

∂Xn

∂P2

∂Xn
. . .

∂Pr
∂Xn


Let F (

−→
A, T ) = A0T

n + . . . + An, G(
−→
B, T ) = B0T

m + . . . + Bm and let us
consider the identity

F (
−→
A, T )G(

−→
B, T ) = Q0(

−→
A,
−→
B )Tm+n +Q1(

−→
A,
−→
B )Tm+n−1 + . . .+Qm+n(

−→
A,
−→
B )

in the ring Z[
−→
A,
−→
B ][T ] (?)
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One has Q0(
−→
A,
−→
B ) = A0B0, Q1(

−→
A,
−→
B ) = A0B1 + A1B0, . . ., Qm+n(

−→
A,
−→
B ) =

AnBm

Proposition 6.1. Let R(
−→
A,
−→
B ) be the resultant of polynomials F (

−→
A, T ), G(

−→
A, T ).

Then

R(
−→
A,
−→
B ) = (−1)mn det

J(Q1, . . . , Qm+n)

J(A1, . . . , An, B1, . . . , Bm)

Proof. Differentiating the identity (?) with respect to the variablesB1, . . . , Bm, A1, . . . , An
we get

Tm−1F (
−→
A, T ) =

∂Q1

∂B1
Tm+n−1 +

∂Q2

∂B1
Tm+n−2 + . . .+

∂Qm+n

∂B1

...

F (
−→
A, T ) =

∂Q1

∂Bm
Tm+n−1 +

∂Q2

∂Bm
Tm+n−2 + . . .+

∂Qm+n

∂Bm

Tn−1G(
−→
B, T ) =

∂Q1

∂A1
Tm+n−1 +

∂Q2

∂A1
Tm+n−2 + . . .+

∂Qm+n

∂A1

...

G(
−→
B, T ) =

∂Q1

∂An
Tm+n−1 +

∂Q2

∂An
Tm+n−2 + . . .+

∂Qm+n

∂An

We see that the Sylwester matrix of the pair F (
−→
A, T ), G(

−→
B, T ) ∈ Z[

−→
A,
−→
B ][T ]

is
J(Q1, . . . , Qm+n)

J(B1, . . . , Bm, A1, . . . , An)

and its determinant R(
−→
A,
−→
B ) equals to

(−1)mn
J(Q1, . . . , Qm+n)

J(A1, . . . , An, B1, . . . , Bm)

Remark 6.2. The formula for the resultant proved above is of the kind ”well-
known and worth being known better”. We don’t know any classical text with
this formula. The first reference (in the case of monic polynomials) we found is
John’s Nash article [Nash 1952]

7 Discriminants

Let us consider the general polynomial F (
−→
A, T ) = A0T

n +A1T
n−1 + . . .+An,

−→
A = (A0, . . . , An) of degree n > 0 and its derivative

dF

dT
(
−→
A, T ) = nA0T

n−1 +
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(n− 1)A1T
n−2 + . . .+An−1. Then

R
n,n−1

(
F,
dF

dT

)
= R(A0, . . . , An, nA0, . . . , An−1) ∈ Z[

−→
A ]

Lemma 7.1. The variable A0 divides R
n,n−1

(
F,
dF

dT

)
in the ring Z[

−→
A ].

Proof. The first column of the Sylvester matrix of the pair F,
dF

dT
is


A0

...
nA0

...


where the dots replace zeros. Whence follows the lemma.

By Lemma 7.1 there is a unique polynomial Dn(
−→
A ) ∈ Z[

−→
A ] such that

R
n,n−1

(A0, . . . , An, nA0, . . . , An−1) = (−1)(
n
2)A0Dn(

−→
A ) ∈ Z[

−→
A ]

We call Dn(
−→
A ) the discriminant of the general polynomial F (

−→
A, T ).

Remark 7.2. By definition
(
n
2

)
= n(n−1)

2 , in particular
(
1
2

)
= 0 and it is easy

to check that D1(A0, A1) = 1. A simple calculation (exercise!) shows that
D2(A0, A1, A2) = A2

1 − 4A0A2.

Proposition 7.3. The discriminant Dn(
−→
A ) ∈ Z[

−→
A ] is a homogeneous polyno-

mial of degree 2n− 2. If weight Ai = i for i = 0, 1, . . . , n then the weight of any

term of Dn(
−→
A ) is equal to n(n− 1).

Proof. Let Z be a variable. Prom Property 3.4 we get

R(ZA0, . . . , ZAn, nZA0, . . . , ZAn−1) = Z2n−1R(A0, . . . , An, nA0, . . . , An−1)

in Z[
−→
A,Z]. Now from the definition of the dicriminant we obtain

Dn(ZA0, . . . , ZAn) = Z2n−2Dn(A0, . . . , An)

which proves the first part of the proposition. The second part we prove in a
similar way using Property 3.5.

Let A be a ring without zero divisors. For any polynomial f(T ) = a0T
n +

a1T
n−1 + . . .+an ∈ A[T ] of degree n > 0 we put D(f) = Dn(a0, a1, . . . , an) ∈ A

and call D(f) discriminant of f .

11



Property 7.4.

R
n,n−1

(f, f ′) = (−1)(
n
2)a0D(f)

Proof. Obvious.

Property 7.5. If f(T ) = a0(T − c1) . . . (T − cn), a0 6= 0 in A[T ], then

D(f) = a2n−20

∏
1≤i<j≤n

(ci − cj)2

Proof. By Corollary 4.3 we have that R
n,n−1

(f, f ′) = an−10 f ′(c1) . . . f ′(cn). Since

f(T ) = a0(T − c2) . . . (T − cn) + . . .+ a0(T − c1) . . . (T − cn−1)

we get

f ′(c1) = a0(c1 − c2) . . . (c1 − cn)

f ′(c2) = (−1)a0(c1 − c2)(c2 − c3) . . . (c2 − cn)

...

f ′(cn) = (−1)n−1(c1 − cn)(c2 − cn) . . . (cn−1 − cn)

and
R

n,n−1
(f, f ′) = an−10 (−1)(

n
2)an0

∏
1≤i<j≤n

(ci − cj)2

It suffices to apply Property 7.4

Remark 7.6. Let f(T ) = a0T
n + a1T

n−1 + . . . + an ∈ A[T ]. Suppose that
f ′(T ) = na0(T − d1) . . . (T − dn−1) in A[T ], na0 6= 0. Then

D(f) = (−1)(
n
2)nnan−10 f(d1) . . . f(dn−1) (exercise!)

Property 7.7. If f(T ), g(T ) ∈ A[T ] are of degree n > 0 and m > 0 respectively
then

D(fg) = D(f)D(g) R
n,m

(f, g)2

Proof. Let Ã be an extension of the ring A such that f(T ) = a0(T − c1) . . . (T −
cn), g(T ) = b0(T − d1) . . . (T − dm) with a0 6= 0 and b0 6= 0. Then the property
follows from Property 7.5 and Corollary 4.4

In the sequel we need the following
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Lemma 7.8. Suppose that A is a factorial ring of characteristic zero and let
f(T ) = a0T

n+a1T
n−1 + . . .+an ∈ A[T ] be a polynomial of degree n > 0. Then

for every irreducible polynomial p(t) ∈ A[T ] of degree > 0: p2 divides f if and
only if p divides f and f ′

Proof. If f = p2h, then f ′ = p(2p′h+ ph) and p divides f and f ′. Suppose that
p divides f and f ′ and write f = pg in A[T ]. Then f ′ = p′g+ pg′ and p divides
p′g since p divides f ′. The polynomial p is of degree > 0, consequently if does
not divide p′ and p divides g; in A[T ] any irreducible element is prime. Thus p2

divides f which proves the lemma.

Proposition 7.9. Let f(T ) = a0T
n + a1T

n−1 + . . . + an ∈ A[T ], a0 6= 0 be a
polynomial with coefficients in a factorial ring A of characteristic zero. Then
D(f) = 0 if and only if f has a multiple factor of degree > 0 in A[T ].

Proof. By Property 7.4 the condition D(f) = 0 means that R
n,n−1

(f, f ′) = 0.

Use Proposition 2.4 and Lemma 7.8

APPENDIX

A Hensel’s Lemma

Let K[[
−→
X ]] be the ring of formal power series in n variables

−→
X = (X1, . . . , Xn)

with coefficients in a field K. Let
−→
P = (P1, . . . , Pm) ∈ K[[

−→
X ]][
−→
Y ]m be a sequence

ofm polynomials inm variables
−→
Y = (Y1, . . . , Ym) and let ~c = (c1, . . . , cm) ∈ Km

Lemma A.1 (Implicit Function Theorem for polynomials with coefficients in

the ring of formal power series). Suppose that
−→
P (
−→
0 ,~c) =

−→
0 and J(P1,...,Pm)

J(Y1,...,Ym) (
−→
0 ,−→c ) 6=

0. Then there exists a unique sequence of formal power series

~y(~x) = (y1(~x), . . . , ym(~x)) ∈ K[[~x]]m such that ~y(
−→
0 ) = ~c and

−→
P (~x, ~y(~x)) =

−→
0

in K[[~x]]m.

Proof. Use the Implicit Functions Theorem for formal power series to the system

of equations
−→
P (
−→
X,~c+

−→
Z ) =

−→
0 with unknowns

−→
Z = (Z1, . . . , Zm).

Proposition A.2 (Hensel’s Lemma). Let F (
−→
X,Y ) ∈ K[[

−→
X ]][Y ] be a polynomial

in Y of degree N > 1. Suppose that F (
−→
0 , Y ) = (Y n+a1Y

n−1+. . .+an)(b0Y
m+

b1Y
m−1 + . . .+ bm) in K[Y ] where n,m > 0, n+m = N is a decomposition of

F (
−→
0 , Y ) in K[Y ] into the coprime factors.

Then

F (
−→
X,Y ) = (Y n + a1(

−→
X )Y n−1 + . . .+ an(

−→
X ))(b0(

−→
X )Y m + b1(

−→
X )Y m−1+

. . .+ bm(
−→
X )) in K[[

−→
X ]][Y ],

where ai(
−→
0 ) = ai for i = 1, . . . , n and bj(

−→
0 ) = bj for j = 0, . . . ,m. The above

factorization is unique.
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Proof. Let F (
−→
X,Y ) = c0(

−→
X )Y N + c1(

−→
X )Y N−1 + . . . + cN (

−→
X ), c0(

−→
X ) 6= 0. If

the decomposition of F (
−→
X,Y ) exists we have b0(

−→
X ) = c0(

−→
X ). The substitution

1 for A0 and c0(
−→
X ) for B0 in the identity

(A0T
n +A1T

n−1 + . . .+An)(B0T
m +B1T

m−1 + . . .+Bm) =

Q0(A,B)Tn+m +Q1(A,B)Tn+m−1 + . . .+Qn+m(A,B)

gives

(Tn +A1T
n−1 + . . .+An)(c0(

−→
X )Tm +B1T

m−1 + . . .+Bm) =

c0(
−→
X )Tn+m +Q1(1, A1, . . . , An, c0(

−→
X ), B1, . . . , Bm)Tn+m−1 + . . .

+Qn+m(1, A1, . . . , An, c0(
−→
X ), B1, . . . , Bm)

To get the factorization of F (
−→
X,Y ) state in Hensel’s Lemma we have to solve

in K[[
−→
X ]] the system of equations

Q1(1, A1, . . . , An, c0(
−→
X ), B1, . . . , Bm)− c1(

−→
X ) = 0

Q2(1, A1, . . . , An, c0(
−→
X ), B1, . . . , Bm)− c2(

−→
X ) = 0

...

Qn+m(1, A1, . . . , An, c0(
−→
X ), B1, . . . , Bm)− cn+m(

−→
X ) = 0

with unknowns A1, . . . , An, B1, . . . , Bm. Let ~a = (a1, . . . , an), ~b = (b1, . . . , bm).
Using Proposition 6.1 we check that the above system satisfies the assumptions

of Lemma A.1 at point (
−→
0 ,~a,~b). Therefore there exists unique power series

a1(
−→
X ), . . . , an(

−→
X ), b1(

−→
X ), . . . , bm(

−→
X ) such that

Qk(1, a1(
−→
X ), . . . , an(

−→
X ), c0(

−→
X ), b1(

−→
X ), . . . , bm(

−→
X )) = ck(

−→
X )

for k = 1, . . . , n+m and ai(
−→
0 ) = ai, i = 1, . . . n, bj(

−→
0 ) = bj , j = 1, . . .m.

Corollary A.3 (The Weierstrass Preparation Theorem for Polynomials). Let

F (
−→
X,Y ) ∈ K[[

−→
X ]][Y ] be a polynomial of degree N > 0 and let M = ord0F (

−→
0 , Y ).

Suppose that 0 < M < +∞. Then

F (
−→
X,Y ) = (Y m + a1(

−→
X )YM−1 + . . .+ aM (

−→
X ))U(

−→
X,Y ) in K[[

−→
X ]][Y ],

where ai(
−→
0 ) = 0 for i = 1, . . . ,M and U(

−→
0 , 0) 6= 0. The above factorization is

unique.

Proof. Let F (
−→
X,Y ) = c0(

−→
X )Y N + c1(

−→
X )Y N−1 + . . .+ cN (

−→
X ). Then

F (
−→
0 , Y ) = c0(

−→
0 )Y N + c1(

−→
0 )Y N−1 + . . .+ cN−M (

−→
0 )YM =

YM
(
c0(
−→
0 )Y N−M + . . .+ cN−M (

−→
0 )
)
,
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where cN−M (
−→
0 ) 6= 0. If M = N then we put U(

−→
X,Y ) = c0(

−→
X ) and the

corollary is obvious. If M < N then we use Hensel’s Lemma A.2.

B Bezout’s Theorem for affine plane curves

Let K be any algebraically closed field. For any two power series F,G ∈ K[[X,Y ]]
we consider their intersection multiplicity i0(F,G) (see [P l 2013], Section 3).

Proposition B.1. Let F (X,Y ) = Y n + a1(X)Y n−1 + . . .+ an(X) ∈ K[[X]][Y ]
be a distinguished polynomial and let R(X) be Y –resultant of F (X,Y ) and
G(X,Y ). Then

ord R(X) = i0(F,G)

Proof. see [P l 2013], Proposition 3.9

For any polynomials F,G ∈ K[X,Y ] and for any point p = (a, b) ∈ K2 we
put

ip = i0(F (a+X, b+ Y ), G(a+X, b+ Y )).

Note that ip(F,G) > 0 if and only if F (p) = G(p) = 0.

Theorem B.2 (Affine Bezout’s Theorem). Let F (X,Y ) and G(X,Y ) be co-
prime polynomials of degree m > 0 and n > 0 with coefficients in an algebraically
closed field K. Then

(i)
∑
p∈K2 ip(F,G) ≤ mn,

(ii)
∑
p∈K2 ip(F,G) = mn if and only if the system of equations F+ = G+ = 0

have only the trivial solution x = y = 0.

The proof of Bezout’s theorem is based on properties of intersection multi-
plicity, especially on Proposition B.1.

Proposition B.3. Let F,G be polynomials of degree m,n > 0 such that degY F =
m and degYG = n. Let R(X) = Y –resultant of polynomials F (X,Y ), G(X,Y ).
Then for any a ∈ K:

(i) ordaR(X) =
∑
p∈{a}×K ip(F,G),

(ii) deg R(X) =
∑
p∈K2 ip(F,G)

Proof. Formula (ii) follows from (i) since deg R(X) =
∑
a∈K ordaR(X). To

check (i) it suffices to consider the case a = 0 since ordaR(X) = ord0R(X + a)
and R(X + a) is the Y –resultant of polynomials F (a + X,Y ), G(a + X,Y ).
Suppose that a = 0. If ord0R = 0 or ∞ property (i) is obvious. Suppose then
0 < ord0R <∞ i.e. R(0) = 0 and R(X) 6= 0 in K[X]. Let (0, b1), . . ., (0, bs) be
a pairwise different solutions of the system F (0, y) = G(0, y) = 0. By Hensel’s
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Lemma we get F (X,Y ) =
∏s+1
i=1 Fi(X,Y ), G(X,Y ) =

∏s+1
i=1 Gi(X,Y ) where

Fi, Gi ∈ K[[X]][Y ] are such that Fi(0, Y ) = (Y −bi)mi , Gi(0, Y ) = (Y −bi)ni for
i = 1, . . . , s and Fs+1(0, bi)G(0, bi) 6= 0 for i = 1, . . . , s. Denote by Rij(X) the
Y –resultant of Fi(X,Y ) Gj(X,Y ). Thus R(X) =

∏
i, jRij(X) with Rij(0) 6= 0

if i 6= j or i = j = s+ 1 since Rij(0) is the Y –resultant of polynomials Fi(0, Y ),
Gj(0, Y ). ord0R(X) =

∑s
i=1 ord0Rii(X). We get

ord0Rii(X) = ord0(Y –resultant Fi(X,Y ), Gi(X,Y )) =

= ord0(Y –resultant Fi(X,Y + bi), Gi(X,Y + bi)) =

= i(0,0)(Fi(X,Y + bi), Gi(X,Y + bi)) = i(0,0)(F,G).

Thus ord0R(X) =
s∑
i=1

i(0,bi)(F,G) and we are done.

Let F+ be the leading form of F , i.e. the sum of monomials of degree deg F
which appear in F .

Proposition B.4. Let F = F (X,Y ) and G = G(X,Y ) be polynomials of degree
n > 0 and m > 0 such that degY F = n, degYG = m. Let R(X) = Y –resultant
of F (X,Y ) and G(X,Y ) and r = Y –resultant of F+(1, Y ) and G+(1, Y ). Then

R(X) = rXmn + . . .+ (monomials of degree < mn)

Proof. Without diminishing the generality we may assume F = Y n+a1(X)Y n−1+
. . . + an(X) and G = Y m + b1(X)Y m−1 + . . . + bm(X) where ai(X), bj(X)
are polynomials of degree ≤ i and ≤ j. Let R(A1, . . . , An, B1, . . . , Bm) be
Y –resultant of polynomials Y n + A1Y

n−1 + . . . + An and Y m + B1Y
m−1 +

. . . + Bm with variable coefficients A1, . . . , Am, B1, . . . , Bn. We have then
R(tA1, . . . , t

nAn, tB1, . . . , t
mBm) = tmnR(A1, . . . , An, B1, . . . , Bm) (the resul-

tant is quasi–homogeneous) hence

(?)
R(X)

Xmn
=

1

Xmn
R(a1(X), . . . , an(X), b1(X), . . . , bm(X)) =

= R

(
a1(X)

X
, . . . ,

an(X)

Xn
,
b1(X)

X
, . . . ,

bm(X)

Xm

)
.

Let us consider the place of field of rational functions K(X) defined be the
valuation v = −deg. It is the mapping F (X) 7→ F (∞) of the field K(X) in the

set K̂ = K∪ {∞} defined as follows: if F (X) = A(X)
B(X) where A(X) = a0x

p + . . .,

B(X) = b0X
q + . . . are polynomials of degree p ≥ 0 and q ≥ 0 then F (∞) = a0

b0
if p = q, F (∞) = 0 if p < q and F (∞) = ∞ if p > q. Let us write ai(X) =

ai0X
i + . . ., bj(X) = bj0X

j + . . .. Then ai(X)
Xi

∣∣∣
X=∞

= ai0,
bj(X)
Xj

∣∣∣
X=∞

= bj0

and from equality (?) it follows

(??)
R(X)

Xmn
= R(a10, . . . , am0, b10, . . . , bn0) = r

Hence R(X) = rXmn + . . . which proves the proposition.
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We may present now the proof of Bezout’s Theorem.

Proof of Bezout’s Theorem. We keep the notation introduced above. The sum∑
p∈K2

ip(F,G) does not depend on the choice of affine coordinates. Thus we may

suppose that degY F = m, degYG = n. We get then (Proposition B.3(ii) and
Proposition B.4)

∑
p∈K2

ip(F,G) = deg R(X) ≤ mn with equality if and only if

r 6= 0 i.e. if the system of equations F+(1, Y ) = G+(1, Y ) = 0 does not have
solution.
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