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ON THE INTERSECTION MULTIPLICITY OF PLANE BRANCHES

EVELIA R. GARCIA BARROSO (La Laguna) and ARKADIUSZ PLOSKI (Kielce)

Abstract. We prove an intersection formula for two plane branches in terms of their
semigroups and key polynomials. Then we provide a strong version of Bayer’s theorem on
the set of intersection multiplicities of two branches with fixed characteristics and apply
it to the logarithmic distance in the space of branches.

1. Introduction. The traditional approach to the study of the singulari-
ties of irreducible plane algebroid curves (branches) defined over algebraically
closed fields of arbitrary characteristic is based on the Hamburger—Noether
expansions which encode the sequences of quadratic transformations appear-
ing in the desingularization of a curve (see [An|, [C], [D1], [R]).

In [GB-P] we developed a new approach to the theory of plane branches.
We used the logarithmic distance on the set of branches without resorting to
the Hamburger—Noether expansions or to the resolution process. This note
is written in the spirit of [GB-P]. The concepts of semigroup associated with
a branch and key polynomials explained in [GB-P| play an important role.

Let f, g be irreducible power series in K[|z, y]], where K is an algebraically
closed field. The intersection multiplicity ig(f, g) of branches {f = 0} and
{g = 0} is a basic notion of the local geometry of plane algebraic curves.
The classical formula for ig(f,g) allows one to calculate the intersection
multiplicity in terms of Puiseux parametrizations (see [vdW]|, [He|) when
char K = 0. If K has a positive characteristic, a similar result can be ob-
tained by using the Hamburger-Noether expansions (see [An|, [C|, [R]).
The aim of this note is to prove a formula for iy(f,g) in terms of semi-
groups I'(f) and I'(g) associated with f and g and key polynomials f;
and g; which define (in generic coordinates) the maximal contact curves
{fi = 0} and {g; = 0}. We impose no condition on the characteristic
of K.
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In Section [2] we recall the main properties of the semigroup and key
polynomials associated with a branch. In Sections [3] and [4] we present the
main result (Theorem and its proof. Then we give in Section |[5| an ap-
plication of the main result to polynomial automorphisms of the affine plane
(Theorem . In Section |§| we prove a strong version (due to Hefez in char-
acteristic 0) of Bayer’s theorem on the set of intersection multiplicities of
two branches with fixed characteristics (Theorem . Section m is devoted
to a short proof of a property of the logarithmic distance

o lO(fag)
d(f.9) = ord fordg

(Theorem discovered by Abio et al. [Ab-Al-G] in the case of character-
istic 0.

2. Preliminaries. In this note we use the basic notions and theorems
of the theory of plane branches explained in [GB-PJ.

Let K be an algebraically closed field of arbitrary characteristic. For any
power series f,g € K[[z,y]] we define the intersection multiplicity io(f, g)
by putting

io(f,9) = dimk K[[z,y]]/(f, 9),

where (f, g) is the ideal of K[[z, y]] generated by f and g. If f, g are non-zero
power series without constant term then iy(f, g) < oo if and only if f and ¢
are coprime.

Let f € K[[z,y]] be an irreducible power series. By definition, the branch
{f = 0} is the ideal generated by f in K[[z,y]]. The multiplicity of {f = 0}
is the order of the power series f.

For any branch {f = 0} we put

I'(f) = {io(f,g) : g runs over all power series such that g 0 (mod f)}.

Then I'(f) is a semigroup. We call I'(f) the semigroup associated with the
branch {f = 0}.

Two branches {f = 0} and {g = 0} are equisingular if I'(f) = I'(g).
The branch {f = 0} is non-singular (that is, of multiplicity 1) if and only if
I'(f) = N. We have min(I'(f) \ {0}) = ord f.

Let n > 0 be an integer. A sequence (vy,...,vy) of positive integers is
said to be an n-characteristic sequence if v9 = n and if the following two
conditions are fulfilled:

(char 1) Let e, = ged(vo,...,v;) for 0 < k < h. Thenn =ey > e > ---
>ep = 1.
(char 2) ep_qv < egvgyq for 1 <k < h—1.

Let ng = egp_1/er for 1 <k < h.
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Conditions (char 1) and (char 2) imply Bézout’s relation:
nEvE = apvo + a1v1 + -+ + aQp—_1Vk—1,

where ag > 0, 0 < a; < n; for 1 < i < k are integers.

Let f = f(x,y) be an irreducible power series. Suppose that n = io(f, )
= ord f(0,y) < co. Then the n-minimal system (v, ...,vs) of generators of
I'(f) defined by the conditions:

(gen 1) vy = n, v is the smallest element of I'(f) which does not belong to
voN + - -+ 4 vp_1N,
(gen 2) voN+ - +u,N = I'(f),

is an n-characteristic sequence. We will call it the characteristic of {f = 0}
and write char, f = (vo,...,vp). If (vo,...,vp) is the n-minimal system of
generators of I'(f) then the number ¢ = Zzzl(nk — Duvg —vp + 1 is the
conductor of I'(f), that is, c+ N € I'(f) for N >0 and ¢ — 1 & I'(f).

There exists a sequence of monic polynomials fy,..., fr_1 € K[[z]][y]
such that deg, fr = n/ex and io(f, fx) = vgy1 for k=0,...,h — 1.

Recall that a monic polynomial p € K[[z]][y] of y-degree n > 0 is dis-
tinguished if ord p(0,y) = n. By the Weierstrass Preparation Theorem there
is a unique distinguished polynomial f;, € K[[z]][y] associated with f. Then
deg, fn =n =n/ey and io(f, fn) = co. We put vj 41 = oo.

The polynomials fy,..., fn € K[[z]][y] are called key polynomials of f.
They are not uniquely determined by f. Recall that for any n-characteristic
sequence (vg, ..., vp) there exists an irreducible series f such that I'(f) =
voN + -+ + N and io(f, z) = vg (see [GB-P, Theorem 6.5]).

The basic properties of key polynomials are:

(key 1) A key polynomial f is a distinguished, irreducible polynomial of
characteristic char, fx = (vo/e, ..., vx/ex), hence deg, fi, = vo/ey.

(key 2) Let (vg,...,vn) be an n-characteristic sequence. Let fj be an irre-
ducible distinguished polynomial with char, fx = (vo/ex, - - -, Vk/€x).
Let fo, f1,--., fx—1 be a sequence of key polynomials of fr. Put
fi= " +§ixai70fgi’l e Z-a_i’;_l fori € {k+1,...,h}, where n;v; =
a;0vo + - - + a;i—1v;—1 is a Bézout relation and & € K\ {0}. Then
chary fr, = (vo,...,vn) and fo,..., fn—1 are key polynomials of fp,.

(key 3) If g € K[[z]][y] is a monic polynomial such that deg, g = n/e; then
io(f,9) <io(f, fr) = k1.

(key 4) Let {g = 0} # {x = 0} be a branch of characteristic (v, ..., v},). Let
vo=io(f,x)>1and suppose io(f, g)/io(, g) >io(f, fe—1)/io(, fr—1)
for some k € {1,...,h}. Then k < A’ and v;/vy = v}/v] for all
i€ {1,...,k}. The first k key polynomials fo,..., fr—1 of f are the
first k elements of a sequence of key polynomials of g.




246 E. R. GARCIA BARROSO AND A. PLOSKI

For the proofs of (key 1) and (key 2) we refer the reader to |GB-Pl
Proposition 4.2 and Theorem 6.1]. For the proof of (key 3) see [GB-P, Lemma
3.12]. For the proof of (key 4) see [GB-P, Theorem 5.2].

The following theorem is a local version of the Abhyankar—Moh result:

ABHYANKAR-MOH IRREDUCIBILITY CRITERION. Let f(x,y) € K[z, y]]
be an irreducible power series such that n = io(f,z) < oo and let I'(f) =
voN+- - -+, N, where vg = n. If g(x,y) € K][z,y]] is a power series such that
io(g,z) =n and io(f,g) > ep—1vp, then g is irreducible and I'(g) = I'(f).

The proof of the above criterion is given in [GB-P| Corollary 5.8].

3. Main result. Let {f = 0} and {g = 0} be two branches different

from {x = 0}. Let char, f = (vo,...,vy), where v9 = n = io(f,z) and
char, g = (vg, ..., v},), where vy = n' = ig(g, ). We denote by fo, fi,..., fn
and go, g1, - - -, gn & sequence of key polynomials of f and g, respectively.

THEOREM 3.1 (Intersection formula). With the assumptions and nota-
tions introduced above, there is an integer 0 < k < min{h,h'} + 1 such that
(a) vi/n=v)/n' for alli < k.

(b) Z-()(fa g) < inf{ez‘—lvlm ek—lv;g}'
(C) If ZO(f?Q) < inf{e;g_lvka ek*lv;{;} then iO(fu g) = ek*legg_li()(fkflagkfl)-
(d) Suppose that k > 1. Then io(f,g) > inf{e}_ovp_1,ex—20;_ 1}

Moreover fo, ..., fu_o are the first k — 1 polynomials of a sequence of key
polynomials of g and go, - .., gx—o are the first k—1 polynomials of a sequence
of key polynomials of f.

REMARK 3.2. From the first part of Theorem it follows that n/e; =

n'/e; for i < k. In fact,
ne; = nged(vy, ..., vl) = ged(nvy, . .., nvl) = ged(n'v, . .., n'v;)
=n' ng(Uo, ceey Ui) = n'ei.

Consequently, n; = n} and e,_,v; = e;_1v] for 0 < i < k.

The proof of Theorem [3.1]is given in Section [d] Observe that the integer
k > 0 is the smallest integer such that condition (b) of Theorem holds.

COROLLARY 3.3 (see [D2, Lemma 1.7]). Let k > 0 be the minimum
integer such that

/iO(fv g) S inf{e%—lvk, 6/6—11}2;}‘

Then
(1) vi/n=l/n for alli < k.
(2) If do(f,g) < inf{e}_jvk, ex—1v;} then io(f,g9) =0 (mod ex_1e)_,).
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F. Delgado [D1}, Section 3|, [D2, pp. 335-336] computed the integer & > 0
in terms of the Hamburger—Noether expansions of f and g. In what follows
we do not need any additional information about k.

4. Proof of Theorem For any branches {f = 0} and {g = 0}
different from the branch {z = 0} we put

o /LO(fvg)
(1-9) = 3 ayiolg.a)

The function d, satisfies the Strong Triangle Inequality (STI): for any
branches {f = 0}, {g = 0} and {h = 0} different from {z = 0},

do(f,9) = f{ds(f, ), dx(g, h)},

which is equivalent to: at least two of the numbers d.(f, g), dz(f,h), dz(g, h)
are equal and the third is no smaller than the other two (see |GB-P, Theo-
rem 2.8|).

LEMMA 4.1. If n =1 then io(f,g) = inf{eyio(fo,90), ]}

Proof. If n =1 then ey = 1, h = 0 and the only possible value for &k, 0 <
k <min(h+1,h' +1) is k = 1. Note that d(f, g) = io(f,9)/v}, dz(f,90) =
io(f,90)s du(g,90) = vi/vy € N (if n’ = 1 then v} = +oo and d;(g,g0) =
+OO) Therefore dﬂ:(f: gO) 7é dm(gvg(]) and dm(fv g) - lnf{d:l?(f7 gO)v dl‘(g7 90)}7
which is equivalent to io(f,g) = inf{ejio(f,g0),vi} = inf{efio(fo,90), v},
since fj is the distinguished polynomial associated with f. m

Lemma [41] implies Theorem [3.1] for n = 1. So now we assume n > 1.

Let fo,..., fn be a sequence of key polynomials of f. Then d,(f, fr_1) =
ex—1vk/n?. So the sequence dy(f, fx—1) for k =1,..., h is strictly increasing.

LEMMA 4.2. Suppose dy(f,g) > di(f, fu—1) for an integer k € {1,...,h}.
Then k < h/7 dl‘(f7 fi—l) = dm(gvgi—l) fOT 1= 17 s 7k7 and f07 ceey fk*l are
the first k — 1 polynomials of a sequence of key polynomials of g.

Proof. The lemma follows directly from (key 4). =

LEMMA 4.3. Let k < min{h,h'} + 1. Suppose d.(f, fi—1) = dz(g,9i-1)
for 0 <i <k and dy(f, fr—1) # dz(9, 9x—1). Then

dw(fa g) < 1nf{dm(f7 fkfl)a dx(gvgkfl)}'

Proof. From dy(f, fi—1) = d(g,gi—1) for 0 < i < k we get v;/n = v}/n/
and e;/n = e}/n' for 0 < i < k. Thus deg, fy—1 = n/ex_1 = n'/e,_| =
deg,, gr—1. We may assume that dz(g, gxk—1) < dz(f, fr—1). Since deg, fr—1 =
deg, gx—1, we deduce, applying (key 3) to g, that io(g, fr—1) < i0(g, 9k—1)
and consequently d(g, fi 1) < da(g,x_1)- Thus du(g, fi1) < da(f, fi1),
and by the STI, dz(g, fr—1) = dz(f,g). Therefore d.(f,g) = dz(g, fr—1) <
de (9, gk—1) = inf{ds(f, fr—1),dz(g, gr—1)}. =
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LEMMA 4.4. Let 0 < k < h+1 be the smallest integer such that d,(f, g) <
da:(fu fkfl)- Then k < ' +1 and dx(fag) < dm(gagkfl)-

Proof. First we suppose that k = 1. Then the inequality ¥ < A’ + 1 is
obvious and the assertion follows from Lemma [£.3

Suppose now that k& > 1. By definition of k we have d(f,g) > dy(f, fi—2)-
Then by Lemma E <KW +1 and d.(f, fi—1) = du(g,9i—1) for i =

ok —1.If dp(f, fr—1) = dz(g,9k—1) then the lemma is obvious. If
de(f, fre—1) # du(g, gk_l) then we use Lemma [4.3| =

Proof of Theorem (3.1 Recall that n > 1. The assertions of the theorem
can be rewritten in the followmg form:

(a) Ifk‘>1thend(f,f2 1) = du(g,9i—1) for all 0 < i < k.

() i) < (7 o).l 00))

() Ifdy ( g9) <inf{d;(f, f-1), dz(9, gr— 1)}thendx(f7g):dﬂi(fk—lagk—l)'
(@) Tk 1 then de(f,9) > W{dy(f, fi_2), delg, g-2))-

To prove Theorem [3.1]let k € {1,...,h+ 1} be the smallest integer such
that dx(f,9) < du(f, fr—1). Then for k > 1 we have d,(f,g) > dx(f, fx—2),
and by Lemma k <h'+1 and (a’) holds.

By Lemma [L4) we get d(f, g) < du(g, g51).

To check (¢'), suppose dx(f,g) < dz(f, fx—1) and dx(f,9) < dx(g, gr—1)-
Then by the STL dz(g7 fkfl) = dx(fa g) and dx(fvgkfl) = d:c(f7g) Thus
d.(f,9) = ds(g, fr—1) < dz(9, gk—1) and applying again the STI to the power
series ¢, fr—1 and gp_1 we get

da:(fkflv gk*l) = lnf{dl’(ga fk71)7 d:v(ghgkfl)} = dac(.g? fk*l) = dm(f7g)7
which proves (c’).

Suppose that k& > 1. Then d,(f,g) > dz(f, fr—2) by the definition of k,
and d(g,gk—2) = dz(f, fe—2) by (a’). This proves (d’). The assertion on the
key polynomials follows from Lemma [1.2] u

5. Application to polynomial automorphisms. In [vdK] van der Kulk
proved a theorem on polynomial automorphisms of the plane generalizing a
previous result of Jung [J] to the case of arbitrary characteristic. The proof of
van der Kulk is based on a lemma on the intersection multiplicity of branches
proved using the Hamburger—Noether expansions (see also [R, Remark 6.3.1]).

As an application of our main result we prove here a property of intersec-
tion multiplicities of branches which implies van der Kulk’s lemma (see [P]
for char K = 0).

PROPOSITION 5.1. Let {f = 0} and {g = 0} be two different branches
and let {l = 0} be a smooth branch. Suppose that n = io(f,l) < oo, n’ =
i0(g,1) < oo and let d = ged(n,n’). Then ig(f,g) =0 (mod n/d orn’/d).
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Proof. We may assume that n,n’ > 1 and [ = z. Let k > 0 be the integer
as in Corollary Then io(f,g) < inf{e},_, vk, ex—1v}}. We claim that

(5.1) io(f,9) =0 (mod ex_1 or e},_).

In fact, this is clear when io(f,g) = inf{e) ,vg, ex—1v;}. If i0(f,9) <
inf{e},_ vk, ex—1v;,} then we infer (5.1)) from the second part of Corollary
By the first part of Corollary [3.3] and by Remark [3.2] we get

!/

n o n .

(5.2) o= 67 for i < k.

From ([5.2) we have

(5.3) ex—1 =0 (mod n/d) and ej_; =0 (mod n'/d).

Now (j5.1) and (5.3) imply the proposition. m

Using Proposition [5.1] we will prove the following basic property of poly-
nomial automorphisms of the plane.

THEOREM 5.2 (JvdK| Lemma on p. 36]). Let (P,Q) : K> — K? be a
polynomaial automorphism. Then one of the two integers m=deg P, n=deg )
divides the other.

Proof. Let C' and D be projective curves with affine equations P = 0 and
@ = 0 respectively. Then deg D = n, deg C' = m and each of the curves C, D
has exactly one branch at infinity (see |[vdK| p. 37]). By Bézout’s theorem
these branches intersect with multiplicity ¢ = mn — 1. The line at infinity
cuts the branches of C' and D with multiplicities m and n respectively. Thus
by Proposition we get ¢ = 0 (mod m/d or n/d), where d = ged(m,n).
This implies that m divides n or n divides m, since t = mn — 1. =

6. Intersection multiplicities of two branches. Let v = (vg,...,vp)
and V' = (v, . . ., v},) be two characteristic sequences. Put e; =gcd(vo, . . ., v;),
e;» = ged(vp, - .. 7”3') for 0 < i < hand 0 < j < I/. By convention,
Vht1 =V =00 and ey = e’ =0. Let

vV v’
p = max{i EN: L =" forj<i i< min(h,h')}
and Ij := inf{ex_jv}, e} _qvg} for k = 1,...,p+ 1. In particular Iy = 0.
Observe that ey_1v), =€} v for 0 <k <pand Ip <I) <--- < I,41. We
put NF ={N e N: N > 0}.

Let f, g run through the irreducible coprime series in K[[z, y]]. Using local
quadratic transformations, Bayer [Bl Theorem 5] gave an explicit formula for
the set {io(f,g) : char, f = ¥, char, g = V'} in terms of the characteristic
sequences vV and V.
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Hefez [He, proof of Theorem 8.5, pp. 116-117| proved a stronger result.
Apart from Bayer’s formula, he showed that for a fixed fy with char, fo =V,
we have

{io(fo,g) : char, g = V'} = {io(f,g) : char, f =¥, char, g = V'}.

His proof, based on Puiseux’s theorem, works only in characteristic zero. The
following theorem is a strong version of Bayer’s result, proposed by Hefez.
The characteristic of K is arbitrary.

THEOREM 6.1. Let {f = 0} be a branch such that char, f = V. Let B be
the set of branches {g = 0} such that char, g = V' and io(f,g) # co. Then

{io(f,9) : {g =0} € B}
pt1
= U{N eENt: [, 1 <N<Iand N=0 (mod e ¢} 1)}
k=1

COROLLARY 6.2. Let {f = 0} be a branch such that char, f =v. Then

{io(f,9) : char, f = chary g and io(f, g) # oo}
h+1
= U {NeN":ep_gvp_1 <N <ep_1vp and N =0 (mod e; )}
k=1
COROLLARY 6.3. Let {f = 0} be a branch such that char, f = V. Then
No = ep_1vy is the smallest natural number such that for any N € N and
N > Ny there exists an irreducible power series g € Klx,y]|] such that

iO(fv g) =N.
To prove Theorem we need two lemmas.

LEMMA 6.4. For any integer k with 1 < k < p + 1, there exists an
irreducible power series g € K[[z,y]] such that io(f,g) = Ir—1.

Proof. Suppose that k > 1 and let fy,..., fx_2 be key polynomials of f.
Let g; = fifori =0,...,k —2 and ¢g; = g?ﬁl + gaiogsht ... gltet for
i=k—1,..., 1, where §& € K\ {0}, n] = ¢/_,/e} and a; ovy+- - -+ a;i—1v]_,
= njv]. By (key 2) we see that go,..., g are key polynomials of g := gp
and char, f; = (vo/es, ..., vi/e;) = (vy/e€l, ..., v./el) for i =0,...,k—2.

We have

io(f, p-10gbl L gl

= ag-10i0(f, ) + ag-1190(f; go) + - -+ + ag—1 k—20i0(f, gr—3)
= ag—1,000(f, ) + ag—1,190(f, fo) + -+ + ar—1,k—200(f, fe—3)
= ak—1,0V0 + ag—1,191 + -+ ap_1k2Vk2




INTERSECTION MULTIPLICITY OF PLANE BRANCHES 251

U0 U1 Vg—2
= €g—2| Ak—-1,0 +ag—11— + -+ ag—1k-2
2 €k—2 €k—2

/ / /
V) v v
0 1 k—2
) <ak—1,0 o +ag—11 o + -t ag—1k—2 o >

k—2 k—2 k—2
! li
_ Ck—2 P L PR L7
= Me—1Vk—1 = ;7 Ck—2Vp—1 = —;7 €p2Vk—1
€k—2 €k—2 €k—2

. . n/7 . /)/LI7
= nj_ k-1 = ny_1i0(f, fi—2) = to(f, . 5") = i0(f, 9, 5")-

Suppose that &_o is generic. Then ig(f, gx—1) = io(/f, gZSl) = Nj_Uk_1.
We get

M1 Vk—1 Ch1Me—1Vk—1 _ €poVk—1 _ Iy
dcc(fa gk—l) = 77 = / = / = /
vo(vh/€)_y) VoY, VoY VoY
and
v, € _ V. ep_1U} I,
o9, 9k-1) (h/e ) vl wv, vl
Therefore dx(f7 gk—l) < dx(g,gk_l), thus dx(f)g) = dCC(fa gk‘—l)a that iS,
io(f,9)  Txk—1 .
( ; ) = ~ and io(f,9) =Ix—1. =

LEMMA 6.5. Let {f = 0} be a branch with char, f = V. Let N be a
positive integer number such that N > ep_qvn. Then there exists a branch
{g = 0} such that io(f,g) = N and char, g = char, f. Moreover fo,..., fr_1
are key polynomials of g.

Proof. Let ¢ be the conductor of I'(f). Then ¢ = (n; — vy + -+ +
(nh—l)vh—vo—i-l = (nyul—vl)+--‘+(nhvh—vh)—vg+1 < (U2—01)+
(v3 —wv2) + -+ (ep—1vp —vp) —vo+ 1 = ep_1vp —vp —v1 + 1 < ep_1vp and
we may write N = agvg + - - - + apvp, where a; € N with ag > 0. Let f be a
key polynomial of f for k =0,...,h — 1. Put

g=f+a®fg - fily.
Then ig(z, g) = io(x, f) since ap > 0, and io(f, g) = io(f, z® f5* -+~ f;"]) =
apvy + - - - + apvp, = N. By the Abhyankar—Moh irreducibility criterion (see
Section , g is irreducible and char, g = char, f.

Observe that d.(f,g) = N/vg > eh_lvh/vg > ekka/vg = d(f, fx)-
Thus, by the STI, we have d.(fx,9) = dz(fx, f), which implies io(fx,g) =
i0(fr, f) = viy1. Therefore fy is a key polynomial of g for k =0,...,h—1. m

Proof of Theorem[6.1, The inclusion “C” follows from Corollary [3:3] Let
N > 0 be an integer such that I, _; < N < I and N =0 (mod ek,le;_l),

where 1 < k < p+ 1. We have to prove that there exists an irreducible power
series g € K[|z, y]] such that char, g = v/ and io(f,g9) = N.If N = I_; then
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the theorem follows from Lemma @ Suppose that Ip_1 < N < Ij. Since
N =0 (mod e,_1€},_,), we may write N = e,_y€},_, Ny_; for some Nj_; € N.
Let fo, ..., fr_1 bekey polynomials of f, where char, f; = (vo/e;, ..., vi/e;) =
(vy/€sy ... vl /el) for i = 0,...,k — 1 by the definition of p. Put g; := f; for
i=0,... k-2

CrLAIM 1. There exists an irreducible power series gr—1 € K[[z,y]] such
that chary g1 = charg fr—1 and io(fx—1,9x—1) = Ng—1.

The claim follows from

/
gcd( vo Uk—2> Vk—1  €k—2Vk—1  Cp_oVk—1 Iy
N = = =
er—1 er—1/ ex—1 er € 1Ck—1  Ck—1€_;
N
< 7 = Nk*h
€k-1€K_1

and Lemma applied to {fx_1 = 0}.

Cram 2. io(f, gr—1) = ex—1Ng_1.

Indeed, if v,41 = oo then f, is the distinguished polynomial associated
with f. Therefore io(f,9,) = i0(fs,9,) = N, (= e,N, since e, = 1) by
Claim 1.

Assume that v,y1 # co. Then
Ni_1 N
d fk— s Jk— - -
oe1:96-1) = e W)~ ool
I €l Uk €rL_1V
oo U TR () fa)

vovy T Vo B v§
Therefore by the STT we have

do(fy gk—1) = do(fr—1, gr—1) =

io(f,gk—1)  €r—1€,_1Nk—1

/ and / / = /
bovo vo(vo/€—1) Yo
which implies io(f, gx—1) = €x—1Ng—1.

Let us now finish the proof of Theorem Let g = gp. We will check
that d,(f,g) = d.(f,gx—1). Firstly suppose that U;J_H = o0. Then g, is
the distinguished polynomial associated with g and d,(f,g) = du(f, g,). If
v, # 00 then

ek_Nk_ N
do(fy gr1) = ——LH2l 7

vo(vp/e_q)  vovy
v €l _ V. ep_ iU I, N

and by the STI, d,(f,g) = dx(f,gx—1). Therefore % = % and we get
iO(fv g) =N.=u
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7. A property of the logarithmic distance. Recall that the loga-
rithmic distance d(f, g) among two branches {f = 0} and {g = 0} is given
by

iO(fv g)
d(f,g) = —2L9)
(7,9) ord fordg
Observe that d(f,g) = dx(f,g) when {z = 0} is transverse to {f = 0} and

{g =0}

If {f =0} and {g = 0} have no common tangent then d(f,g) = 1. The
next theorem generalizes [Ab-Al-G| Theorem 2.7| to arbitrary characteristic.

THEOREM 7.1. Let f € K[[z,y]] be an irreducible power series and let

R > 1 be a rational number. Then there exists an irreducible power series
g € K[z, y]] such that d(f,g) = R.

Proof. Let char, f = (vg,...,v), where vy < v1. Fix a rational number
R > 1. We distinguish two cases:

CASE 1: There exists an integer k, 1 < k < h, such that R = ek_lvk/vg.
Then for the (k — 1)th key polynomial f;_1 of f we have io(f, fx—1) = vk,
ord f = vy, ord fr_1 = vo/ex—1 and d(f, fx—1) = R.

CASE 2: The number R is different from el_lvl/vg forl=1,...,h. Then
there exists a unique k, 1 < k < h 4+ 1, such that ek_gvk_l/v% < R <
ex—1vx/v3 (recall that e_; = 0). Write

R= !

(vo/eg—1)%s’

where ged(r,s) = 1. Let s > 1. Put

(V- -, 0)) = <5 i ...,svk_l r).

ep—1’ -1’
We check that

(1) (vg,-..,vy) is a characteristic sequence,

/ / /

v _ v Yk—1 _ Vk—1 Vg Uk /o / /
(2) g T e e T e and d < e where ¢} := ged(vg, ..., v)).

By Theorem there exists an irreducible g such that char, g = (v, ..., v})
and ig(f, g) = inf{e},_,vg, ex_1v} }. Therefore

. / / /
d(f, g) _ Zo(falg) _ inf{ek—lvk €k—1vk} _ €k—1V} - R

VU, epeo | €oel eoe|)

Now let s = 1. Then R = rei_l/vg and ep_ovp_1 < rez_l < ep_1Vk.
By Corollary there exists an irreducible power series g such that ord g =
ord f = vy and io(f,g) = res_,. Clearly d(f,g) = R. =
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