
COLLOQU IUM MATHEMAT I CUM

F

£p,t(F ) ∇F

p F t γ £p,t(F )

F

£∞,t(F ) £∞(F )
F

£∞(F )
£p,t(F ) (p, t)
F : C2 → C

d > 0 ∇F = (∂F/∂X, ∂F/∂Y )
C2 P2(C) = C2∪L∞

£p,t(F ) (p, t) ∈ L∞ × C

£p,t(F )
∇F γ P2(C) p F

t ∈ C γ F ∗(X, Y, Z) = ZdF (X/Z, Y/Z)
F = F (X, Y ) £p,t(F )

F ∗(X, Y, Z)− tZd t ∈ C (p, t)
F £p,t(F )

(p, t)
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£p,t(F )
£∞,t(F ) = inf{£p,t(F ) : p ∈ L∞}

∇F F = t

∞(F ) ≥ 0
£∞,t(F ) = ∞(F ) t F

∞(F ) (= £∞(F ) ∞(F )
∇F F−1(t)

F ∞(F ) = 0 ∞(F )

P2(C) = C2∪L∞ L∞

γ
p ∈ L∞ L∞ B∞,p

p B∞ =
⋃

p B∞,p

(X : Y : Z) Z = 0
L∞ F = F (X, Y ) ∈ C[X, Y ]

d > 0 F ∗ = F ∗(X, Y, Z) ∈ C[X, Y, Z]
F

degγ F = − ordγ
F ∗

Zd
= d ordγ Z − ordγ F ∗, deg γ = ordγ Z

γ ∈ B∞

ordγ F ∗

F ∗ = F ∗(X, Y, Z) γ
∞ degγ F ∈ Z ∪ {−∞} degγ F = −∞

γ F ∗ = 0
γ ∈ B∞ F (γ) ∈ C∪{∞}

degγ F ≤ 0 F (γ) t ∈ C degγ(F − t) < 0
degγ F > 0 F (γ) = ∞

γ ∈ B∞ p(T ) = (x(T ), y(T ))
x(T ) y(T ) ∈ C((T )) γ ord p(T ) :=
min{ordx(T ), ord y(T )} γ

(T kx(T ) : T ky(T ) : T k) k = − ord p(T )
deg γ = − ord p(T ) degγ F = − ord F (p(T )) F (γ) = F (p(T ))|T=0

F ∈ C[X, Y ]
∇F = (∂F/∂X, ∂F/∂Y ) γ ∈ B∞
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degγ ∇F = sup

{

degγ
∂F

∂X
, degγ

∂F

∂Y

}

.

degγ ∇F = −∞
γ F ∗ = 0

γ ∈ B∞ degγ F (= 0 degγ F ≤ degγ ∇F +deg γ

γ, γ′, . . . p
(γ · γ′)p γ γ′ p

µp(γ) γ γ S(γ)
γ (γ · γ′)p λ

p γ γ′ λ
λ (⊂ γ ∪ γ′ γ =

⋃r
i=1 γi γ′ =

⋃r
i=1 γ

′
i

r > 0

• S(γi) = S(γ′i)
• (γi · γj)p = (γ′i · γ

′
j)p

• (γi · λ)p = (γ′i · λ)p

i, j = 1, . . . , r
γ γ′

γ ∪ λ γ′ ∪ λ
γ γ′ λ

x(y−x2) = 0 x(x−y2) = 0 y = 0 γ γ′ λ
U C

Equisingularity Criterion (γt : t ∈ U)
:

n > 0 (γt · λ)p = n t ∈ U,
µ ≥ 0 µ0(γt) = µ t ∈ U

(γt : t ∈ U) λ

γt λ

λ p
γ ηp(γ,λ)

ηp(γ,λ)
(X, Y ) X(p) = Y (p) = 0

0 C{X, Y } f(X, Y ) = 0
l(X, Y ) = 0 γ λ

j(f, l) =
∂f

∂X

∂l

∂Y
−
∂f

∂Y

∂l

∂X
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ηp(γ,λ) = sup

{

(f, g)0
(l, g)0

: g j(f, l)

}

.

ηp(γ,λ) ηp(γ,λ)
λ

Θp(γ,λ) = sup

{

(h, j(f, l))0
(l, h)0

: h f

}

.

(fi, j(f, l))0 = (fi, j(fi, l))0 +
∑

j %=i

(fi, fj)0

= µ0(fi) + (fi, l)0 − 1 +
∑

j %=i

(fi, fj)0

Θp(γ,λ)

γ =
⋃r

i=1 γi γi µi

γi

Θp(γ,λ) =
r

sup
i=1

{

µi − 1

(γi · λ)p
+ 1 +

1

(γi · λ)p

∑

j %=i

(γi · γj)p

}

.

(γ ·λ)p = 2 γ Θp(γ,λ) = (µp(γ) + 1)/2
Θp(γ,λ) ≥ 0 γ λ

Θp(γ,λ) ≥
µp(γ)−1
(γ·λ)p

+ 1 γ

C
|C| C C |C| C

C C ′ (C ·C ′)p

(C, p) (C ′, p) µp(C)
(C, p) µp(C) < +∞

C p
F = F (X, Y )

d > 0 F ∗ = F ∗(X, Y, Z)
F Ct : F ∗(X, Y, Z) − tZd = 0

t ∈ C C∞ F ∗(X, Y, Z) = Z = 0
(Ct : t ∈ C) p ∈ C∞

µmin
p = inf{µp(C

t) : t ∈ C}, Λp(F ) = {t ∈ C : µp(C
t) > µmin

p }.
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µmin
p Λp(F ) C

dp = (Ct ·L∞)p t
(Ct, p) t ∈ C \ Λp(F ) λ = (L∞, p)

Equisingularity at Infinity Property. p ∈ C∞

(Ct, p) t ∈ C \ Λp(F ), (L∞, p)

(p, t) ∈ L∞ × C p ∈ C∞ t ∈ Λp(F )
F

F : C2 → C d > 1 ∇F = (∂F/∂X, ∂F/∂Y )
(p, t) ∈ L∞ × C

£p,t(F ) = inf

{

degγ ∇F

deg γ
: γ ∈ B∞,p F (γ) = t

}

£p,t(F ) F (p, t)
C F (X, Y ) = 0

C∞ = |C| ∩ L∞

(p, t) ∈ L∞ × C p (∈ C∞ £p,t(F ) = +∞
p ∈ C∞ Ct p £p,t(F ) =
−∞

p (∈ C∞ {γ ∈ B∞,p : F (γ) = t}
£p,t(F ) = inf ∅ = +∞ p ∈ C∞

Ct p degγ ∇F = −∞ γ Ct

p £p,t(F ) = −∞

p ∈ C∞

£p,t(F ) Γ γ Γ

p F (γ) = t
degγ ∇F

deg γ = £p,t(F )

Ct F (X, Y ) − t = 0
Ct ∇qF = a ∂F

∂X + b∂F
∂Y

q = (a : b : 0) ∈ L∞ ∇qF = 0

F : C2 → C d > 1
(Ct : t ∈ C) F

£p,t(F ) = d − 1 −Θp(Ct, L∞) t ∈ C \ Λp(F ) £p,t(F )
F = t

£p,t(F ) = d − 1 − ηp(Ct, L∞) t ∈ Λp(F ) £p,t(F )
∇qF = 0 q (∈ C∞
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(p, t) ∈ C∞×C

Ct p
£p,t(F ) (L∞, p)
(Ct, p)

p(F ) ≥ 0 £p,t(F ) = p(F )
t ∈ C \ Λp(F ) t ∈ C \ Λp(F ) £p,t(F )

F = t

p(F ) = 0 C p
t ∈ Λp(F ) £p,t(F ) < −1 q ∈ L∞\C∞

£p,t(F ) ∇qF = 0

(p, t) ∈ L∞ × C

F
£p,t(F ) < −1

γ ∈ B∞,p

∂F

∂X
(γ) =

∂F

∂Y
(γ) = 0 and F (γ) = t.

γ ∈ B∞,p

degγ ∇F < 0 £p,t(F ) < 0
£p,t(F ) < −1 ⇒

£∞,t(F ) = inf

{

degγ ∇F

deg γ
: γ ∈ B∞ F (γ) = t

}

£∞,t(F ) F F = t
£∞,t(F ) = inf{£p,t(F ) : p ∈ C∞}

£∞,t(F ) Γ

γ Γ
degγ ∇F

deg γ = £∞,t(F ) Λ(F ) =
⋃

p∈C∞

Λp(F )

∞(F ) ≥ 0
£∞,t(F ) = ∞(F ) t ∈ C \ Λ(F ) t

£∞,t(F ) F = t t ∈ Λ(F ) £∞,t(F ) < −1
£∞,t(F ) ∇qF = 0 q (∈ C∞

∞(F ) = inf{ p(F ) : p ∈ C∞}
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£∞(F )

£∞(F ) = inf

{

degγ ∇F

deg γ
: γ ∈ B∞

}

.

Λ(F ) (= ∅ £∞(F ) = inft∈Λ(F ) £∞,t(F )

Λ(F ) = ∅
F (X, Y ) = 0 L∞ c (= deg F

£∞(F ) < ∞(F )

£∞(F )

F Λ(F ) (= ∅

F : C2 → C

d > 1 Λ(F ) (= ∅ C ′
∞ = { p ∈ C∞ :

(C, L∞)p > 1 }

£∞(F ) = d − 1 − sup{ηp(C
t, L∞) : (p, t) ∈ C ′

∞ × C}.

µ(F ) F
F = t µ(F ) < +∞

F = t

F d > 1
F = 0

∞(F ) =
µ(F ) − 1

d
+ 1.

F ∞(F )
= 1 − 1/d

Λ(F ) = ∅ p C
(Ct, p) µt

p ≡ µmin
p θtp ≡ (µmin

p − 1)/d
+1 ∞(F ) = d−2
−(µmin

p − 1)/d d2−3d+2 = µmin
p +µ(F )

ηp(γ,λ) Θp(γ,λ)
f(X, Y ) = 0 l(X, Y ) = 0

γ λ C{X}∗ =
⋃

n≥1 C{X1/n}
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(X, Y ) λ
X = 0 f(X, Y ) = U(X, Y )

∏n
i=1(Y − yi(X))

yi = yi(X) ∈ C{X}∗ U(X, Y ) ∈ C{X, Y }
U(0, 0) (= 0

(γ · λ)p = n

Θp(γ,λ) =
n

sup
i=1

{

∑

j %=i

ord(yi − yj)
}

ηp(γ,λ) =
n

sup
i=1

{

∑

j %=i

ord(yi − yj) + max
j %=i

{ord(yi − yj)}
}

n = (γ · λ)p > 1 Θp(γ,λ) ≤
n−1

n ηp(γ,λ)

Θp(γ,λ) =
∑

j %=i0
ord(yi0 − yj)

i0 ∈ {1, . . . , n} Θp(γ,λ) ≤ (n − 1) maxj %=i0{ord(yi0 − yj)}

Θp(γ,λ) +
1

n − 1
Θp(γ,λ) ≤

∑

j %=i0

ord(yi0 − yj) + max
j %=i0

{ord(yi0 − yj)}

≤ ηp(γ,λ)

n = (γ ·λ)p > 1 Θp(γ,λ) = n−1 ηp(γ,λ)
= n n = ord γ γ λ

∑

j %=i0

ord(yi0 − yj) = n − 1 i0 ∈ {1, . . . , n},

∑

j %=i0

ord(yi0 − yj) + max
j %=i0

{ord(yi0 − yj)} ≤ n.

ord(yi0 − yj) = 1 j (= i0.

yi0 = yi0(X) ∈ C{X} f1(X, Y ) ∈
C{X, Y } f1(X, yi0(X)) = 0

(f1, X)0 > 1 yi1(X) (= yi0(X)
f1(X, Y ) = 0 ord(yi0(X)−yi1(X)) (= 1

yi0(X) ∈ C{X} ord yi0(X) ≥ 1
ord yj(X) ≥ 1 j = 1, . . . , n ord f(X, Y ) = ord

∏n
j=1(Y −yj(X)) =

∑n
j=1 ord(Y − yj(X)) = n = (f, X)0
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j(f, l) = 0
γ λ

γ′ γ λ
ξ

(γ · ξ)p

(λ · ξ)p
≤ ηp(γ,λ)

(γ′ · ξ)p

(λ · ξ)p
≤ Θp(γ,λ).

f = f1 · · · fr j(f, l) = g1 · · · gs

h = 0 ξ

(f, h)0
(l, h)0

≤
s

max
j=1

{

(f, gj)0
(l, gj)0

}

(j(f, l), h)0
(l, h)0

≤
r

max
i=1

{

(fi, j(f, l))0
(l, fi)0

}

ηp Θp

F : C2 → C d > 1
C F ∗(X, Y, Z) = 0 ∇qC

a∂F ∗/∂X + b∂F ∗/∂Y = 0
q = (a : b : 0) ∈ L∞ \ |C| q = (a : b : 0) F ∗(a, b, 0) (= 0

D C
(C, p) (C · L∞)p > 1 (D, p)

(C, p) (L∞, p)

C ′
∞ = {p ∈ C∞ : dp > 1}

D C

|C| ∩ |D| ∩ L∞ = C ′
∞

γ ∈ B∞ D degγ F (= 0 degγ F =
degγ ∇F + deg γ

p = (x0 : y0 : 0) ∈ |C| ∩ |D|
y0X − x0Y F ∗(X, Y, 0)

p(T ) = (x(T ), y(T )) γ
l(X, Y ) = bX − aY ord l(p(T )) = −degγ l = deg γ

l = 0 D

a
∂F

∂X
(p(T )) + b

∂F

∂Y
(p(T )) = 0

ẋ(T )a
∂F

∂X
(p(T )) + ẏ(T )b

∂F

∂Y
(p(T )) =

d

dT
F (p(T ))

d

dt
l(T )

∂F

∂X
(p(T )) = −b

d

dT
F (p(T )).
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γ degγ ∂F/∂X = degγ F −
deg γ b (= 0 degγ ∂F/∂X = −∞ b = 0 degγ ∂F/∂Y

D C p ∈ C∞

(C, p)

p ∈ C ′
∞

ηp(C, L∞) = sup

{

ordγ C

ordγ L∞
: γ ∈ B∞,p D

}

.

Θp(C, L∞) = sup

{

ordγ D

ordγ L∞
: γ ∈ B∞,p

}

ηp Θp

D C p ∈ C∞

(C, p) γ ∈ B∞,p

ordγ C

ordγ L∞
≤ ηp(C, L∞)

ordγ D

ordγ L∞
≤ Θp(C, L∞).

F : C2 → C

d > 1

Λp(F ) = ∅ ηp(Ct, L∞) = ηp(C, L∞) < d
Λp(F ) (= ∅ η(Ct, L∞) = d t ∈ C \ Λp(F ) ηp(Ct, L∞)

> d t ∈ Λp(F ) Ct p ηp(Ct, L∞) = +∞
> d

degX F = degY F = d
D1 ∂F ∗/∂X = 0 D2 ∂F ∗/∂Y = 0
(∂F/∂X)∗ = ∂F ∗/∂X degX F = d

(1)
degγ ∇F

deg γ
= d − 1 − inf

i

{

ordγ Di

ordγ L∞

}

,

(2) £p,t(F ) = d − 1 − sup

{

inf
i

{

ordγ Di

ordγ L∞

}

: γ ∈ B∞,p,
ordγ Ct

ordγ L∞
> d

}

.
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degγ F (= 0 degγ F ≤ degγ ∇F + deg γ

ordγ C

ordγ L∞
(= d inf

i
{ordγ Di} ≤ ordγ C.

t ∈ C \ Λp(F ) γ ∈ B∞,p
ordγ Ct

ordγ L∞

> d
D

ordγ Ct

ordγ L∞
≤ ηp(C

t, L∞)
ordγ D

ordγ L∞
≤ Θp(C

t, L∞).

t ∈ C \ Λp(F ) ηp(Ct, L∞) ≤ d
ordγ Ct

ordγ L∞

> d ≥ ηp(Ct, L∞)

ordγ D

ordγ L∞
≤ Θp(C

t, L∞) D

ordγ Di

ordγ L∞

≤ Θp(Ct, L∞) i = 1, 2

£p,t(F ) ≥ d − 1 −Θp(C
t, L∞).

ordγ D1 = ordγ D2 γ ∈ B∞,p Ct.

γ Ct

degγ ∇F

deg γ
= d − 1 −

ordγ D1

ordγ L∞

Θp γ0 ∈ B∞,p Ct

ordγ0
D1

ordγ0
L∞

= Θp(Ct, L∞)

degγ0
∇F

deg γ0
= d − 1 −Θp(C

t, L∞)

t ∈ Λp(F )

(Ct, p) γ ordγ Ct

ordγ L∞

> d

(a)
ordγ Ct

ordγ L∞
≤ ηp(C

t, L∞) (b)
ordγ D1

ordγ L∞
≤ Θp(C

t, L∞).

infi{ordγ Di}

ordγ L∞
≤ ηp(C

t, L∞).
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infi{ordγ Di}
ordγ L∞

≤ Θp(Ct, L∞) < ηp(Ct, L∞)

£p,t(F ) ≥ d − 1 − ηp(C
t, L∞).

D γ0 D
ordγ0

Ct

ordγ0
L∞

= ηp(Ct, L∞) t ∈ Λp(F ) ηp(Ct, L∞) > d
ordγ0

Ct

ordγ0
L∞

> d

inf{ordγ0
Di} = ordγ0

Ct

(13) £p,t(F )≤ d−1−
inf{ordγ0

Di}

ordγ0
L∞

= d−1−
ordγ0

Ct

ordγ0
L∞

= d−1−ηp(C
t, L∞)

Θgen
p Θp(Ct, L∞) = Θgen

p

t ∈ C \ Λp(F ) p(F ) = d − 1 − Θgen
p t (∈ Λp(F )

ηp(Ct, L∞) ≤ d dp = (C · L∞)p

Θgen
p ≤

(

1 −
1

dp

)

d ≤ d − 1.

p(F ) = d − 1 − Θgen
p ≥ 0

p(F ) = 0
dp = d p C

Θp(Ct, L∞) = Θgen
p = d − 1 ηp(Ct, L∞) = d t ∈ C \ Λp(F )

ordp Ct = deg Ct = d Ct

C p
t ∈ Λp(F ) (Ct, p) £p,t(F ) = −∞

ηp(Ct, L∞) = +∞ (Ct, p)
£p,t(F ) = d− 1− ηp(Ct, L∞)

< −1 £p,t(F ) ∇qC = 0 q (∈ C

F : C2 → C

(p, t) ∈ C∞ × C

£p,t(F ) ∇F (z) F (z) = t
z → p P2(C) z = (x, y) ∈ C

|z| = max(|x|, |y|) F−1(t)δ = {z ∈ C2 : |F (z) − t| ≤ δ}
δ > 0
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(Ct, p) δ > 0
{t̃ ∈ C : 0 < |t̃ − t| ≤ δ} Λ(F )
c > 0

|∇F (z)| ≥ c|z|£p,t(F ) F−1(t)δ z → p.

£p,t(F ) ∇F (z)| ≥ cσ|z|σ cσ > 0
σ ∈ R F−1(t)δ z → p σ ≤ £p,t(F )

δ > 0 £δ
p,t(F )

σ ∈ R |∇F (z)| ≥ cσ|z|σ

cσ > 0 F−1(t)δ z → p
p(T ) = (x(T ), y(T )) ∈ C((T ))

ord p(T ) < 0,
τ 0→ p(τ) τ (= 0

• p(τ) → p τ → 0+

• |F (p(τ)) − t| ≤ δ τ → 0+

•
ord∇F (p(T ))

ord p(T )
= £

δ
p,t(F )

γ p(T )

degγ ∇F

deg γ
=

ord∇F (p(T ))

ord p(T )

|F (γ) − t| ≤ δ F (γ) = limτ→0+ F (p(τ)) δ
F (γ) = t F (γ) /∈ Λ(F )

£
δ
p,t(F ) =

degγ ∇F

deg γ
≥ £p,F (γ)(F ) ≥ £p,t(F ).

γ ∈ B∞,p

F (γ) = t £p,t(F ) =
degγ ∇F

deg γ Γ ⊂ C2

0 ∈ C

γ F (z) → t Γ z → p Γ ⊂ F−1(t)δ

|∇F (z)| ≥ c|z|£p,t(F ) Γ z → p

£p,t(F ) £δ
p,t(F ) ≤ £p,t(F )
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2


