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+az (xy, J«;) -—— be a non-zero, derivation of the ring of the
GX2

Suramary. Let D=a, (Ju,«\z)
X1

convergent powor serics in the varlables x=(xy, xz). Then there
such that every solution # (x) ‘of the equation D= has the form F (1 (x)). Heve
power series in one vatiable £. The corresponding re.ilt for ceriain types of systems of differential

L\lSLo a umv\,rﬁent power series f (&5
T 1s a couvergent

-lequations is also obtained. L O
- . R . L)

1. Notations, termmolog3, the main result. Tet X be a non- discrete valued fiel

of characteristic zero. We will consider convergent },o».er series f, g, ... with caeﬁ -
cients in K. We wﬂl write flg if f divides g. The ozder of £ will be denote d by ord
J(ﬁ> . xf::ll

78 l"oir any cunvcrgcnt power scries fiy - ,f,, we Wnl denote by — the Ja-

mlnm matiix of S, vy S with . respect 10 the V“n e \-,,..A,_\',,.

J(fiy i) :

Nore ﬂldt rank ——- =max r such that:
J( 13 ) An)

s Si)
t L " . . - . -
det #0 for some 1<i<i,<.<i<m, 1<€j<ja<. <=

" 7(>‘Jl _ ,x,)

I(/l,.A.

'Where 1t is not mxs[udmg we slmll Write J (f1, eees Sy 10stCRA of Ter

The power serics fl, . /,,, V'“ se calldd J-dependent i rank i(_. "_} A

™y

i()tbétwise they will be callcd 'J—indeper{dent. Let U=

v

Hi=1, ..., m be delV'lthllb of the ring of the. convergent power €

}hm ag; (xl, .y X,) are convelg,ent power series, M1, 1 are ar
integers. :
.. Set

G

g
8
‘.

V= {u (\c)eA{xl.'.., x,,} D u (x) 9 for i=1, , i}
[407]
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Lot be the largest non-negative integer such that there c‘usf J-mdcpundgnt powu
series v, (), ., v (V) e V. Ol bviously 0<r<n, The aim. of +his papcr is to p‘ oy

the following,

Thaorinm (1), Let us assume that r<1. Then there exists apower series 1(x) & )
without G constant term. such that f()I every u(x) € V there exists a convergen? power
S i one variable tosucl thar u (=F (¢ ().

(XD, s L (\)t— V be J-mdepcndcnt pOWtI‘ serlcq A str'whtfowmrd cal-
culation shows that :

St

et v

={n(x)e K{x, .., x,,}'f rank J (@, ooy v, )<Y

Pence (L1} results from the following

Tororesm (1.2). Ler £ (x4, ..., x,) #0 be a convergent power series without a con-
stani term. Set Vi y={f(x) ¢ K{xl rank J (¢, /)< 1}. The following f/,ree CO:r(-’l[IOH\
Gre cqivalent
(1.2.1) For cypery g (x)e- Vi ord g (x)>ord t(x),
(1.2.2) For'every g (x) € Viiyy t (W)lg (), '

3) For every g(x)e Vixy there exist a convergent power serzes E(t) in one

wariable t such that g (x)=F (t (x)).

To prove that (I 2) Jmpl es (1.1) take ¢ (x) € V*;uch 1at ord t(\)> iis mmnmni
Then clearly V=V, . -

The proof of (1.2) is given in a further section. We conclude this section with

to

1
N

K\J

N

COROLLARY (1.3) Zet fi{xy,. X I=1, . m be a corvergent power serics.
Suppose that

J(fls 9fm) <1

r(. nK_
[(X’, reey )‘n)

ey

Lnen rhcm exist convergent power ser les F, (t) i=1, .., in one var zable t and a con-
wergent series 1(x) without 'a constant term such that

Ji(x)=F, (t (x)) for z'=1, o B2, . -

‘ 2
e may assume \vxthout any loss of generality that —d{— 960.’
“1

To prove (1.3) & is sufficient to apply (1.1) to the derivations

I 9 8fi @

D= — - i=l,.,n—1.
0x, ox, 3x,- ox, oo

Remark. The precedmg conszderat’ons give rise to the fo]lowm<7 protlem.
Do the power - series 1, (x), ..., . (x) € V without a constant term exist such tha*
V=E{t (%), .., 6 ()7 e '

Theorem (1.1) states that the answer to the problem is pomwc for r<l.

-



o, ;u) 0 for z——l, eyn=1.1In fdct it is casy to cucl\ by a cuuucmmtxon of
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2. Proof of Theorem (1.2). We shall start with the following:

LemMa (2.1). Let f(x), g (x) be co;rvergent power series in the variables x={(xy, ..

. X,) such that f(0)= g (0)=0. T hen the jollowing three com’i"twnc are equivalent:

(2.1.1) rank J(f, <1, ! :

(2.1.2) There © exists a corivergcnt power series P (nvy 0 such  that
P(f(x), g (x))=0, '

(2.1.3) There exrst “a formal power series P (11, v) #£0 such that P, \,, g {x))=0

It is obvious that (2.1. 2)=(2.1.3) and (2.1. 3)—>(2 1.1).

Proof of (2. 1. 1)=(2:1.2).. We may assume, after a linear change of variables
x, that £(0, ..., 0, x,)#0. Then, according-to one of the forms of +he preparation
theorem (Narasmhan [3] p. 10, Theorem 1) the ring K {x} i$ a fi nite K (x/, f{x)}-
-module. Here x =(Xy, e , X,—1). Furthérmore, there exists a ‘moaic polynomiud
P (x', u; v) e K {x',u} [v] such that P (\ F(x); g (0))=0. If we choose tie

[)

: n-"")'mal P(x', u;v) to have a minimal non-zero degree We chw' hat —~,:i_--
— g

£ the

n '"1
cqunl:ty P(x S g (x))-::') in vqnublm Xy eery Xy that ax (\ (V) g =0
for i=1,..,n~-L Since P (x',u;v) is a monic polynomml Z uusj\x——bankuel

~ .

‘ R 3
[4], p. 280, Theorem 4) the degree of —,—;(x’, u;e) is less than the degree of

P’ u; 71) “hence by our choice of P (\ ;W)W have - (¥, u; #)=0
for i=1, ..., n—1. This completes the proof of the lemma. o

Rumarl\ The equxvah,nce between (2.1.2) ‘and (2.1.3) was established by Abhy
kae and Van der Put fil.

CLemMa (2.2). Let f£(x)#0, g (x)#0 be com'cvgent power series without constén
terms. Assume that there emsls a convergent “power series P (i, o) #0 such that

P (/09 §9)=0. SR
Then & i - o |

() L @k e g™ |
Since condition (x) is mvarlant under a K-linear nonsigular tra wnsformation
of f(x), ¢ (x) then we may assume, by the Weierstrass preparation theorem, that
1’ (u, v) =0+ A, (u) v"“‘ A (), (/ = ord £ (1 ey

From the above assumiption it follows that ord Ay (u) =jfor j=1, ..., J. Consequently,
we may write

FONS B, (fo))f(\)z(\)d 1 J-Bd(f(\mw =0,

wlere 85 (u) j_—.l, i, d are COMVErgent power serics. This bmplics that /(331g -
since the ring of power series is infegrally closed.” : '

To complete the proof of (1.2) notice that (1.2 A5=(1.2.2) fellows from 2.1}
and (2.2). Smce 1.2 2)=>(1 2. 1) is obvxous it suffices to prove (122 (1.2.3).

]
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In order to prove this we comtruct by induction a sequence c;€ K j=1,
such that

ko ,
FED et () (mod (¢ (xym {xPf - for k=1,2,....

J=1

Hence m {x} denotes the maximal ideal of the ring X {x}. Suppose that therc exist
¢y ..., € K.and a power series ¢ (x) without a constant term such that

J@=) et (g1 ().
J=1 .

1t is zasy 1o see that ¢ {x) € If(x) In virtue of (1.2.2) there exists a power series 9" {(x)

such that ¢ (x) q {(x)t (x) it 1s suiﬁcxcnt 10 set ¢ =4g" (0).

Set F(t)= }_J o 1 Thul ckarly f(\) F’z(\))
k=1 -
The.series F () is convervent In fact, from (2.1) and the Wucrbtmss pre

tion theorem it follows that the series F (t) is integral algebraic over the ring & {7},
whence it is converge*n (Nagata [3}) _ .
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