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ON THE NOETHER EXPONENT

Bumasz

Let Pe (l‘.....! ) be a germ of a holomorphic mepping having an isolated
sero at 0€¢€B.' The NSether exponent p (F) of P is the smallest integer
P >0 such that every germ of order gru?ct or equal to p belohgs to the ideal
generated by f_,...,f . .The aim of this paper is to give the estimation of
po(!)v dependent on th® orders ordf i ! '

i.. Introduction

Let ¢{zl}l " be i:hé ring of convergent power series in variables
z= (zi,..‘.,zn). If heC{z} and h=£;:mhi, where h;. is a homo-
geneous polynomial of degree 1i. and hm# 0, then we put ordh=m,
inh= hm. We also let ord0=+w, in0=0. The initial form dinh
of the power series h determines an algebraic subset of the pro-

- jective space ep1 which we denote by V(inh). Any sequence of

n power series f1,...,fneC{2} without constant term induces the
germ of a holomo_r_-phic mapping F= (fi,...;fn):(a:?’,O)+(cT’,0). The local

ring of F is the ‘quotient ring €{z}/I(F), where I(F) is the
.ideal of ¢{z} generated by fi5¢¢-,f . This ring will be denoted

n

* e '
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by QO(F). We say that F is finite if dimgQ, (F) < +»  and call

My (F) = Q (F) the multiplicity of F (see [5] for an equivalent

defmition) The germ P is finite if and only if F has an iso-
lated Zero. Let us’ recall the following well-lmovm property of
multiplicity: :

THEOREM 1.1.' For any finite gg F= (ri,...,r ) : (e",0)+
(4: »0) we have (Y (F) 2ordf,...ordf . The equality holds if and .

Simple proofs of (1.1) ,vere‘ given in [6] and [7]. In the sequel -
we shall also need the version of Nullstelensatz proved in [7].

THEOREM 1.2 (cf. [71). Let F=(f,,...,f) be a finite germ
"of multiplicity u. Then for any power geries he €{z} without
' constant term there exist series 84500058, such that " = a,f, ¢+

: 1"1
...+ar .with ord(airi)zordr ...ordf ordh for 1i=1,...,n.

We denote by Res (h) the residue of the meromorphic difreren-
tial form h(z)/f (z)...r (z)dz A ...Adzn. The definition and all -
the _properties‘or r_esidues we need'are given in [4]. Recall that
Resy(h) =0 for all heI(F). On the other hand, Resy(JacF) =u (F),
where " JacF = det('afilazj), 80 we have : .

THEOREM 1.3.. If the germ F is finite, then the Jacobian
Jac F does not belong to the ideal I(F).

2. The Noether e:_tgonent

Let PF= (ri,...,f ) be a finite germ. By the Noether exponent
P (F). of F we mean the smallest positive integer p such that
every power series of order greater or equal to p belongs to. the
ideal I(F). The Noether exponent, like the multiplicity u (F),
depends only on the local ring Q, (F). Indeed, if m(Q, (F)) de-
notes the unique maximal ideal of Q (F), ~then o, (F). equals the
smallest o "such that’ m(Q (F))p = (0}. Let us note the following _
tvo lemmas:

I.Bll!u 2 1. For an __1 tinite g 1 F:op, (F) 2 ord(JacF) +1. V
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Proof. Lemma 2.1 follows immediately from Theorem 1. 3 and
the definition of Py (F).

LEMMA 2 2. Let G= (51""’5n) be a finite germ. such thaﬁ
gj n.“ti +ees +aJ f with a k< ¢{z}. Then po(F) s po(G) -
ord(dot(adk))

Proof. Let ordhzp (G)-orda, where- a= det(aJk) Then
ord(hka) 2 po(G) for any ke ¢{z} and, by the definition of Py (@),
hka€ I(G),  hence Res g{hka) =0 for any ke ¢{z}. From the trans-
formation formula (ef. [li], chapt. 5) we get ResF(hk) = Res (hka) 0
for any ke€¢{z}, so the local duality theorem (cf. [4]) 1mp11es
that hCI(F) Thus we have shown that the ideal I(F) contains
all power series of order greater than P (G) ~orda, and therefore
P, (F) s po(6) -orda.

The theorem given below was proved by Chgdzyfiski and Krasifiski
in the case n=2 (ef. [3]).

THEOREM 2.3. Let F= (fi,...,f ) be a finite germ. Then
Po (F) 2 Ii 1(ordf -1) +1, The equality holds if and only if

Proof. Let d —ordf 01’-1nf for i= 1,...,n. The in-
equality o (F) zz“_ (d - 1) +1 follows immediately from (2.1)
since ord(JacF) zz. 1(d ~1). We shall prove that the condition
ﬂ V(¢ )=4¢ implies the estimate Po (F) S}: (d -1)+1. Ac-
cording ‘co (1.1) we have u (F) = 2 1d1 and by (1 2), we can
write z“-allf + ... ta; f with ord(a f )zd ++ed =u, so
ord(det(a. J)) ZZ.;i(u d ). By applying Lemma 2. 2 to t:he germ

-(zi,...,z ), for wluch IR (G) -n(u-1)~+1 we get

0 (F)Sn(u-1)+1- z (u- a) = z((d “1)+1.
j=1 J=1

Now, let us consider a germ F= (fi,...,f ) such that
(-] (F) =z 2‘?..101‘1 =1).+1. We have to .show that i 1V(‘b )=0. If
wo suppose, to the contrary, that ﬂ V(O )# 0 ;then, by a clas-
sical property of homogeneous polynomials (cf. (8] for ‘a simple,
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direct proof of this property), the Jacoblan Jac ¢ belongs to
the ideal generated by 01,...,45

— Anon’ where A,

‘-di or A1=O.

and we can wrlte JacQ A Q +

. 1
is a homogeneous form of. degree (d 1)-
Therefore :

ord(Jacd - Alfl - . '-Anf'n) = ord(Al(tbl'— fl) + ... +An(0n-fn))

=

2 I (4,

. J-1)+1-p (F)
j=

and we get Jacdhe I(F).

On the other hand, a simple calculation
shows that ' '

(

Consequently, we get JacFe I(F),

. n '
JacF = Jac® + monomials of orderz2 I (4

. =-1) +1.
j=1 J .

which is a contradiction with
1.3). : ' '

Let us present now a simple proof of Ber*:ml s theorem in the

form given by Tsikh (cf. [1], [9]).

flnth germ. Suppose that the set n

THEOREM 2.4 (Bertini’s theorem).

Let F=(f;,...,f ) bea

some i e{l,...,n}

u:

According'to (1.2) we can write

zrqlg=1

_ i,=n. Theré is a linear form L
such that ﬂ?;iv‘infi)hV(L) =@, Let G= (fi"“" n- 1,L ‘), where
uo(F). By Theore;'n 2.3 we have
' n-1 :
p,(G) = I (ordf, - 1) +u.
o 1 1

V(1nf1)

#ig is finite for
Then :

. n n
DO(F)_S uo(F) - jr=-|1 ordf‘j + 531(01‘.“‘5 -1) +1,

Proof. We can assume that i

W=ar +...4ayf

n with ord(ajfj)
ordf;. Hence, by (2.2), we get
' n-1 n
Po (F) Sp (@) -orda S I (ordf -1) +u~-[] ordf, +ordf
: i=1 i=1

n

. ' n
=u- [] ordf; + I (ordf; -1)+1.
o i=1 i=1- . .
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Bertini’s estimates cannot be strengthened. Indeed, letting

d, d, +u~d. d a,-1 ‘ :
= 1 1 172 2 ;
| F-(z1 tz, . ,zlzz )(41"1221’ uzdidz)_
we see that, _ o _ :
ordf1=d1, _ordf, =a,, MQ(F) zu, po(F) =u-d,d, +d1+§2 -1

- ' u-d1d2+di+d2-2
(one checks that Z, €I(F)). Similar examples can also
be constructed for n>2 (cf. example given in [7]). We. complete

this section with an application of (2.3) and (2.3).

 COROLLARY 2.5. Suppose that F satisfies the assumptions of
- [N , e .} o

Proo(.‘By ’(1_..1) ‘weé have ﬂ;_’:i V(infi) @ 8o, by (2.3), we
get po(.F) zvt‘;:i(ordf_i -=1) +2. The equality follows from Bertini’s
. theorem. . ' ‘ i .

3. Conc luding remarks
M

~ E. Bertini proved Theorem 2.4 in‘[1] (for n=2) and in [2]
(for n22), however hi's.proor given in [2] contains some obscure
points. ‘I do not know how to prove (2.4) without additional as-

~sumptions concerning the initial forms. Note here that (2.4) holds
‘true undor‘thle assumption that the set {'\'.1131 V( inr_i_) is finite.
~ Indeed, we have the following : ‘

PROPOSITION 3.1. Let F=(fy,...,f) be a finite germ such
thf;t the set n2=1 Y'(inri.) is finite. Then there exist pover
aeriea' €ys:++s8, Buch that (1) gys.-.»g, generate the ideal
I(F), (ii) ordgi = ox'df:l for i=1,...,n, and (ii1) there exists
i,€1{1,...,n}. such that the set ni"% V(ing;) 4is finite.
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Proof. Let us keep the notation introduced in the proof of
(2.3). Assume that q, 'di-dnzo for i=1,...,n and put
V.= f\n 1 v(e:). From the assumption it follows that dimVvg1, so
~ there 1s a llnear form L such that VA V(L) is finite. Let
(al,...,an_1) be the régular value (in the sense of Sard) of the
mapping

94

q .
n-1 . n-1 n-1
® seees®, /L 0.) 1 ¢PT C\V(Le ) - ¢ .

(¢1/P

. n-1 a3 . s s
We check easily that the set (\iziv(Qi"aiI‘ ¢ ) is finite, so
“it suffices to put

qi '
gi-fi-aiL fn fOI' 1=1,ooo,n-1 and g'1=fno

Now, let F-(fl,...,f )} be a finite germ such that the set

V(1nf ) is finite and 1let G-—(gi,...,gn), where g. are the
ser1es 11ke in (3.1). Prom I(F) =I(G) it follows that uo(F)=uo(G)
and po(F)= po(G). Hence we get Bertini’s estimate for po(F) by
applying (2.4) to G.
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0 WYKEADNIKU NOETHERA

$iresgcsenie

Niech ¥=(f ,...,f) bedzie kietkiem odwsorowania holomorficznego
o asrae holwmyl w punfcie 0€¢®. Wyktadnikiem Nosthera Po(F) kielka F
nasywamy najmniejszg liczbe catkowits p >0 taky, #e katdy kielek rzedu
vigkesego lub réwmego o leiy w ideale generowanym przes f_,...,f .

Celem tej pracy jest oszacowanie Po(?) w zalefnoici od rzedsl ord £ .



