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Basic notions

5 maja 2021 19:13

Any germ f : [Cz,ﬂ] —+ C of a holomorphic function can be identified with
the power series

= ayziyl € Cllz,y)
convergent in a neighborhood of zero.

The Newton polygon A(f) 1s by definition the convex hull of the union

U {[Ij) + REEU}‘

ay 570

It 5 is the union of all compact edges of A(f), then the polynomial

fls = z a T’y

(i,7)e8

18 called the initial Newton polynomial of f.
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Example

5 maja 2021 21:30

f=v*+2xy® — 2?y® + 2%y + 5y + 2°
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Factorization

6 maja 2021 07:21

If f e Cffx,y]] then there exist a factorization f = fy--- fi such that the
Mewton polvgon of each factor is elementary. The Newton polygons of the
factors are in one-to-one correspondence with the compact edges of A(f).

Example

Al . = . = . =
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Factorization

6 maja 2021 07:31

If e Cllx,y|] has an elementary Newton polygon and

NP(f) =[] (" - tial)™,
i=1

where t; # 0 and t; # t; for ¢ # j, then there exists a factorization f = fy ---

such that NP(f,) = (y* — t,a") fori=1,...n.

Example

N K&{m

N Vm: le-xs) k‘{-"' ng) =0
NPLEY = -2 Dirlg) - \dl’er

f’i"-'[:f:z]_
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Factorization

6 maja 2021 07:57

The initial Newton polynomial of f allows to find a factorization f = f -« f,
such that the Newton polvgon of each factor is elementary and the initial Newton
polynomial of each factor is a power of an irreducible polynomial.
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Direct image

5 maja 2021 20:04

Let ¢ = (f.g): (C%.0) = (C2,0) be the germ of a holomorphic mapping with
an isolated zero. To any germ £ of an analytic eurve in (C2,0) one associates
its direct image ¢.(£). The direct image of £ by ¢ is an analytic curve germ in

the target space uniquely determined by the following two properties:

(i) if £ < (C%.0) is an irreducible curve then ¢, (£) is the enrve of equation
H* =), where H = () is a reduced equation of the curve ¢(£) in the target
space and d is the topological degree of the restriction ¢ : £ — &(£).

(i) it h = hy - h, is a factorization of a power series h to the product of
irreducible factors in C{x, y}. then ¢, ({h = 0}) is the curve Hy --- H, =0,
where the curves H; = 0 are the direct images of the branches hi; = 0 for
i=1...., 5.

g ¢

3 Co
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Discriminant curve
5 maja 2021 20:04

Let ¢ = (f,g): (C*0) — (C2.0) be the germ of a holomorphic mapping
with an isolated zero. We call
o daf bg afF g
the Jacobian curve of ¢ and the direct image of the Jacobian curve is called the
discriminant curve. The Newton diagram of the discriminant, denoted Q(f. g),
is called the Jacobion Newton diagram of (f.g). The notion of a Jacobian
Newton polygon was introduced by Tessier.
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Factorization

6 maja 2021 08:33

Let J = 0 be the Jacobian eurve and [ = 0 be the discriminant cuarve of
d=(f.g): (C*.0) — (C%,0). Any factorization of the discriminant

D=Dy--- Dy
induces a factorization of the Jacobian
Jac(g) = Jy---Jy

such that ¢, ({Ji =0} ={D; =0} fori=1,....n.
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Polar quotients

6 maja 2021 09:06

If D; has an elementary Newton polygon then its compact edge intersects
coordinate axes at points (ig(g. JJ;),0) and (0,éa(f, J;)). Moreover for any irre-
ducible factor p of J; we have

inlg.p) _ o (g..J;)
iolf.p) inlf,J;)

The Jacobian curve in the case of f = 0 smooth and transverse to g = 0 is
called the generic polar curve of g. In this case the quotients ig(g, p)/ial f,p)
where fi is an irreducible factor of Jac(¢). are called the polar quotients.
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Example

6 maja 2021 09:08

Let f = and gla,y) = (y* —2*)* —2"y. Then the discriminant of ¢ = (f, g)
is equal to

Diu, v) = diser, (g{u, y) —v) = —2560 + 256u"v? + 2880y — 256017 — 2702,
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Polar case

6 maja 2021 10:45

Let ¢ = (f,q): (C%0) — (C2,0) be the germ of a holomorphic mapping
such that the eurve f = 0 is smooth and transverse to ¢ = 0. Then:
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Polar case

6 maja 2021 11:14

Let ¢ = (f.g): (C%0) — (C%0) be the germ of a holomorphic mapping
siuch that the eurve f = 0 is smooth and transverse to g = (0. Then:

e Kuo, Lu|] The polar quotients are invariants of singularity of the curve
g =1

e Merle| If g is irreducible then the Jacobian Newton polvgon Q(f, g) is an
invariant of singularity of the curve g = (0. Moreover Q(f, g) determines
the equisingularity type of the curve g = 0.

o [Teissier|, [Eggers|, [Kuo, Lu| The Jacobian Newton polvgon Q(f, g) is an
invariant of singularity of the curve g = 0.

o UG, EGB|IfQ(f, g9) = Q) f.§) and g is irreducible then 7 is irreducible.
Moreover the curves g = 0 and § = 0 are equisingular.
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Equisingularity
5 maja 2021 20:05
The pairs of ecurves f =0, g = 0 and f =0, g =0 are equisingular if there

exist factorizations f=hy - hg, g=hesr - hye, f=h1---hs, g = hser - hs
into the product of irreducible factors in C{x, y} such that

. 5= 3,

—
L

=7

o for i = 1,....r the semigroups I'(k;) = {ig(h;,w) : w & ()} and
ININE = {igl h,, w):w & (h;)} are equal,

o iglhih;) = in[h.i,hj} for 1 <i<j<r
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Invariance of the Jacobian Newton polygon

6 maja 2021 11:27
Theorem 1 ([Michel], [JG]) Let (f.g): (C*, 0) — (C?.0) be a holomorphic

mapping with an isolated zero. Then the Jacobian Newton polygon Q(f.q) de-
pends only on the equisingularity type of the pair of curves [ =10, g = (L.
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Main theorem

6 maja 2021 11:40

Theorem 2 ([Gryszka, JG, Parusinski]) Let f, g v’ 0" © C{z, y} be con-
vergent power series vanishing at zero such that f and g are coprime and let
f=1+u)f.§g=(1+u")g. Then the initial Newton polynomials of diserim-

inants of mappings (f.g) : (C2,0) = (C2,0) and (f,§) : (C20) — (C2,0) are
equeal.
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Ingredients of the proof

6 maja 2021 11:43

Let D{u, v) be a nonzero complex power series and let w = (&, [) be a weight
vector, where &, [ are coprime positive integers. Then [V can be written as the
sum of quasi-homogeneous polynomials 0 = Dy + Dy + <+, where D, £ 0
and deg, [, =i for i = m. Write 12, as a product

T
Dy lu,v) = Cu"ey™+ H{J.-‘k o t.g'er,'!]"', (1)

i=1

where {; # 0 and 1; # §; for ¢ # j.

Lemma 3 Let H, = (v* — tu')N — o'W+ Then for a sufficiently large inte-
ger N and for every t € CF such that t £ &; for 1 =i < n, one has

vikl =ig(D, Hy ) — in( D, Hy).

Main theorem Strona 18



Casas-Alvero formula

6 maja 2021 11:47

Theorem 4 (Casas-Alvero) Let (f,g) : (C*,0) — (C?,0) be the germ of a
holomorphic mapping with an isolated zero. Let Du,v) = 0 be the diseriminant

of (f.q). Take any curve germ H{w, v) = 0 and let h{x,y) = H(f(z,y), 9z, y)).
Then

plh) —1=ip(f,g)pH) - 1] +ia(D, H),

where p(h) denotes the Milnor number of the curve h =0 at zero.
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Corollary

6 maja 2021 11:52

Corollary 5 Let (f.g) : (C2.0) = (C2,0) be the germ of a holomorphic map-
ping with an tsolated zeve. Let Diu,v) = 0 be the diseriminant curve of (f, g)
and hy = (g% —tf1)Y — fUNHY for N = 1. Then, under the notation of (1), for
N = 1 and t € C* different from t,, ... t,, we have vkl = p(hy ) — plhy).

L I (v
Ty R A PP LI

alh,) - 1 =

*’ L) -
by)- 1 - ) )41+ IJH)

'lOW ) Ll“lH 11+ %(J 1My
MQ\VQ = plh) = (0 H,) =1l k) = kL
N‘khtf,\"p&mv) = M le L
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Key lemma
6 maja 2021 11:56

Lemma 6 (Key Lemma) Let f g, u', 0" € Cla, y} be convergent power series
vanishing at zero such that f and g are coprime and let f = (1 + u'\f, § =
(1+u")g. Then for sufficiently large integer N the curves (g— f)¥ — f¥ 1 =0
and (§ — )Y — ¥ =0 are equisingular.

Corollary 7 Let f. g, u',u" € Clx,y} be convergent power series vanishing at
zero such that [ and g are coprime and let f = (1 +u')f, § = (1 + u”)g.
Then for positive integers k. [, t # 0 and sufficiently large integer N the curves
h, = (g% — tfO)¥ — fFUN+Y = 0 and fi: = (g% — If_’}” _ f:r_NH; = 0 are
equisigulor,
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Proof of the main theorem

6 maja 2021 12:01

~ Let D{u,v) = 0 be the discriminant of (f,g) : (C%,0) — (C2,0) and let
Dfwu,v) = 0 be the discriminant of (f, ) : (C%.0) = (C%.0). Let w = (k1)
be an arbitrary weight vector, where k., | are coprime positive integers. Write
in, D = Cutovvssr T (vF — tau)* and in, D = Cuftowttesr T (0% — tauf)e,
It is enough to prove that v; = 5, for 1 <4 < n. This follows from Corollary 5
since by Corollary 7 for ¢t # 0 one has p(h;) = plh,). This ends the proof.
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Corollaries

6 maja 2021 12:07

Corollary 8 Let (f,g): (C20) — (C2,0) be a holomorphic mapping with an
isplated zevo. Then the initiol Newton polynomial of its diseriminant is deter-
mined, wp to rescalling variables, by the ideals (f) and (g).
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Corollaries

6 maja 2021 12:14

Corollary 9 Under the assumptions of Theorem 2. for every pair of coprime
positive integers k.1 we have

(i) the pencils g* — tf' = 0 and 3 — tf' = 0, where t € C is a parameter,
have the same sets of atypical values.

(ii) the meromorphic functions g*/f' and g*/ f' have the same asympiotic
eritical values.

(iii) the generic fibers of g* [ f' and §*/f' are equisingular.
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