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Jacobian Conjecture (Keller Conjecture, Cremona 
Problem)

Jacobian Conjecture (JC). If 𝑓, 𝑔 : ℂ2 → ℂ2  is a polynomial 
mapping with jacobian equals identically 1, then 𝑓, 𝑔  is a 
global polynomial automorphism of ℂ2. 
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Jacobian Conjecture (Keller Conjecture, Cremona 
Problem)

Jacobian Conjecture (JC). If 𝑓, 𝑔 : ℂ2 → ℂ2  is a polynomial 
mapping with jacobian equals identically 1, then 𝑓, 𝑔  is a 
global polynomial automorphism of ℂ2. 
Remark 1. JC  may be generalized to 𝑛–dimensional case and 
over reals . For 𝑛 = 1 JC is true. W. Bartenwerfer „proved” JC 

in 2-dimensional complex case.
Remark 2. JC  is false for entire functions and in characteristic 𝑝. 
Remark 3. JC  is false over reals under the weaker assumption 

that the jacobian nowhere vanish.
Remark 4. There are a lot of equivalent formulations of JC. 
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Jacobian Conjecture

Remark 5.  By assumption on the jacobian the mapping 𝑓, 𝑔  
is locally invertible. The problem is to prove the global 
invertibility. 
Remark 6. It suffices to prove only injectivity of 𝑓, 𝑔 .
Remark 7. Information on  JC:

o A. Essen, Polynomial Automorphisms. Birkhäuser 2000.

o A. Essen, S. Kuroda, A. Crachiola, Polynomial 
Automorphisms and the Jacobian Conjecture. Birkhäuser 
2021.



„Proof” of Bartenwerfer.
Jacobian Conjecture. 
Assumptions. 𝑓, 𝑔 : ℂ2 → ℂ2, 𝑓, 𝑔 ∊ ℂ 𝑋, 𝑌 , 𝐽𝑎𝑐 𝑓, 𝑔 = 1.
Thesis. 𝑓, 𝑔  is a global polynomial automorphism of ℂ2.



„Proof” of Bartenwerfer.
Jacobian Conjecture. 
Assumptions. 𝑓, 𝑔 : ℂ2 → ℂ2, 𝑓, 𝑔 ∊ ℂ 𝑋, 𝑌 , 𝐽𝑎𝑐 𝑓, 𝑔 = 1.
Thesis. 𝑓, 𝑔  is a global polynomial automorphism of ℂ2.

Proof (reductio ad absurdum). Assume there exists a jacobian 
pair 𝑓, 𝑔  which is not an automorphism. Since 𝑓, 𝑔  is not an 
automorphism, by some Abhyankar theorems and jacobian 
condition (𝐽𝑎𝑐 𝑓, 𝑔 = 1) it follows that we may assume 𝑓 and 
𝑔 have particular forms: 



„Proof” of Bartenwerfer.

𝑓 𝑋, 𝑌 = 𝑓𝑚 𝑋, 𝑌 + ⋯ + 𝑓𝑚′ 𝑋, 𝑌 ,  𝑚 = deg 𝑓 > 0
 

𝑔 𝑋, 𝑌 = 𝑔𝑛 𝑋, 𝑌 + ⋯ + 𝑔𝑛′ 𝑋, 𝑌 , 𝑛 = deg 𝑔 > 0

𝑓𝑚 𝑋, 𝑌 =𝑋𝑚1𝑌𝑚2 ,  𝑚1 > 0, 𝑚2 > 0, 𝑚1 +  𝑚2 = 𝑚

𝑔𝑛 𝑋, 𝑌 = 𝑋𝑛1𝑌𝑛2 ,  𝑛1 > 0, 𝑛2 > 0, 𝑛1 + 𝑛2 = 𝑛,
and 

𝑚

𝑛
=

𝑚1

𝑛1
=

𝑚2

𝑛2
=: 𝑟 ∊ ℚ.



„Proof” of Bartenwerfer.

Additionally, we may assume 𝑚 ≠ 𝑛. In fact, if  𝑚 = 𝑛, then by the 
above proportions 

𝑚

𝑛
=

𝑚1

𝑛1
=

𝑚2

𝑛2

we get 𝑚1 = 𝑛1 i 𝑚2 = 𝑛2 and then we replace the pair 𝑓, 𝑔  by 
new jacobian pair 𝑓 − 𝑔, 𝑔  , which fullfils this condition:

deg 𝑓 − 𝑔 < deg 𝑔.



„Proof” of Bartenwerfer.
The idea is to reduce the degree of 𝑓 with the help of 𝑔 using the 
proportion because „formally”

deg 𝑓 − 𝑔𝑟 < deg 𝑓 .
Then we would replace the pair 𝑓, 𝑔  by new one 𝑓 − 𝑔𝑟 , 𝑔  with  
the less degree of the first component. 
The trouble is: if 𝑟 ∉ ℕ, then there may not exist the power 𝑔𝑟 in the 
ring ℂ 𝑋, 𝑌 . 



„Proof” of Bartenwerfer.
The idea is to reduce the degree of 𝑓 with the help of 𝑔 using the 
proportion because „formally”

deg 𝑓 − 𝑔𝑟 < deg 𝑓 .
Then we would replace the pair 𝑓, 𝑔  by new one 𝑓 − 𝑔𝑟 , 𝑔  with  
the less degree of the first component. 
The trouble is: if 𝑟 ∉ ℕ, then there may not exist the power 𝑔𝑟 in the 
ring ℂ 𝑋, 𝑌 . 
To overcome this problem we extend the ring ℂ 𝑋, 𝑌  to another one 
in which this is possible

ℂ 𝑋, 𝑌 ⊂ ℂ𝐿∞
𝑋,𝑌

ℂ𝐿∞
𝑋,𝑌:={formal Laurent series at  ∞ in 2 variables).

Two illustrative examples:



„Proof” of Bartenwerfer.

Example 1. Let 𝑔 𝑋, 𝑌 = 𝑋2𝑌4 + 𝑋3𝑌 + 𝑌 + 6. Then formally

𝑔
1
2 𝑋, 𝑌 = 𝑋2𝑌4 1 +

𝑋

𝑌3
+

1

𝑋2𝑌3
+

6

𝑋2𝑌4

= 𝑋1𝑌2 1 +
𝑋

𝑌3
+

1

𝑋2𝑌3
+

6

𝑋2𝑌4

= 𝑋𝑌2(1 + ⋯ )

We used the known formal Taylor formula 1 + 𝑢 = 1 − ½𝑢 + ⋯ It 

is well-defined because degrees of the terms in
𝑋

𝑌3 +
1

𝑋2𝑌3 +
6

𝑋2𝑌4 are 

strictly negative. Then (1 + ⋯ ) is a well-defined formal series which 
terms are Laurent monomials in 2 variables. It is impossible in next



„Proof” of Bartenwerfer.

Example 2. Let  𝑔 𝑋, 𝑌 = 𝑋2𝑌4 + 𝑋5𝑌 + 𝑌 + 6.  Using the same 
method as above

𝑔
1
2 𝑋, 𝑌 = (𝑋2𝑌4 1 +

𝑋3

𝑌3
+

1

𝑋2𝑌3
+

6

𝑋2𝑌4
)½

= 𝑋1𝑌2 1 +
𝑋3

𝑌3
+

1

𝑋2𝑌3
+

6

𝑋2𝑌4

= 𝑋1𝑌2(???Not well-defined)
In formal expansion of the root  we have infinite number of terms of 
degree 0.
 



„Proof” of Bartenwerfer.

ℂ𝐿∞
𝑋,𝑌≔{σ𝑖=−∞

𝑘 𝑓𝑖 ,  𝑓𝑖 ∊ ℂ 𝑋, 𝑌, 𝑋−1, 𝑌−1 , deg𝑓𝑖 = 𝑖, 𝑘 ∊ ℤ}   
- the ring of Laurent series at  ∞ in 2 variables.



„Proof” of Bartenwerfer.

ℂ𝐿∞
𝑋,𝑌≔{σ𝑖=−∞

𝑘 𝑓𝑖 ,  𝑓𝑖 ∊ ℂ 𝑋, 𝑌, 𝑋−1, 𝑌−1 , deg𝑓𝑖 = 𝑖, 𝑘 ∊ ℤ}   
- the ring of Laurent series at  ∞ in 2 variables.
One can also equivalently define

ℂ𝐿∞
𝑋,𝑌 ≔ ℂ 𝑋, 𝑌, 𝑋−1, 𝑌−1  

- the completion of the ring ℂ 𝑋, 𝑌, 𝑋−1, 𝑌−1 = ℂ 𝑋, 𝑌 𝑋𝑌 with 
respect to the filtration 

𝐿𝑛 ≔ {𝑓∊ℂ 𝑋, 𝑌 𝑋𝑌: deg 𝑓 ≤ −𝑛},  𝑛 ∈ ℤ
𝐿𝑛 ⊃ 𝐿𝑛+1, 𝑛 ∈ ℤ.

Or in other terms

ℂ𝐿∞
𝑋,𝑌 ≔ lim

←
ℂ 𝑋, 𝑌 𝑋𝑌/𝐿𝑛



„Proof” of Bartenwerfer.

Examples. 

1 +
𝑋

𝑌2
+

𝑋2

𝑌4
+

𝑋3

𝑌6
+ ⋯  ∊ ℂ𝐿∞

𝑋,𝑌

1 +
𝑋

𝑌2
+

𝑋2

𝑌3
+

𝑋3

𝑌4
+ ⋯ ∉ ℂ𝐿∞

𝑋,𝑌



„Proof” of Bartenwerfer.

Properties of the ring ℂ𝐿∞
𝑋,𝑌:

1. ℂ𝐿∞
𝑋,𝑌 is a noetherian ring without zero divisors,

2. ℂ𝐿∞
𝑋,𝑌 ⊄ ℂ 𝑋, 𝑌 ,   ( 1 + 1/𝑋 ∉ ℂ 𝑋, 𝑌 ),

3. ℂ 𝑋, 𝑌 ⊄ ℂ𝐿∞
𝑋,𝑌,    (

1

𝑋+𝑌
∉ ℂ𝐿∞

𝑋,𝑌),

4. an element 𝑓 ∈ ℂ𝐿∞
𝑋,𝑌 is invertible if and only if

𝑓 𝑋, 𝑌 = 𝑎𝑋𝑛1𝑌𝑛2  + ⥥                                        (1) 
⥥ - denotes „terms of lower degree”,

5. an invertible element 𝑓 ∈ ℂ𝐿∞
𝑋,𝑌 of form (1) has a root of 

dgree 𝑘 ∈ ℤ∗ if and only if 𝑘| 𝑛1 and 𝑘| 𝑛2,

6. ℂ𝐿∞
𝑋,𝑌 is not a local ring.



„Proof” of Bartenwerfer.
In the extension ℂ𝐿∞

𝑋,𝑌 ⊃ ℂ[𝑋, 𝑌] we modify the pair 𝑓, 𝑔  to 

another one 𝑓 − 𝐺(𝑔1/𝑘), 𝑔  with the least possible degree 

(equal to 2 − 𝑛) of 𝑓 − 𝐺 𝑔1/𝑘 , where 𝐺 is a Laurent polyno-

mial in one variable and 𝑔
1

𝑘, 𝑘 ≔ 𝐺𝐶𝐷(𝑛1, 𝑛2), is a fixed k-th 

root of  𝑔 (the remaining are ε𝑔
1

𝑘 𝑋, 𝑌 , ε𝑘 = 1).



„Proof” of Bartenwerfer.
In the extension ℂ𝐿∞

𝑋,𝑌 ⊃ ℂ[𝑋, 𝑌] we modify the pair 𝑓, 𝑔  to 

another one 𝑓 − 𝐺(𝑔1/𝑘), 𝑔  with the least possible degree 

(equal to 2 − 𝑛) of 𝑓 − 𝐺 𝑔1/𝑘 , where 𝐺 is a Laurent polyno-

mial in one variable and 𝑔
1

𝑘, 𝑘 ≔ 𝐺𝐶𝐷(𝑛1, 𝑛2), is a fixed k-th 

root of  𝑔 (the remaining are ε𝑔
1

𝑘 𝑋, 𝑌 , ε𝑘 = 1).
Properties of the modified pair:

1. 𝑓 − 𝐺(𝑔1/𝑘), 𝑔  is still a jacobian pair (in ℂ𝐿∞
𝑋,𝑌),

2. deg 𝑓 − 𝐺 𝑔1/𝑘 = 2 − 𝑛,

3. 𝑓 − 𝐺 𝑔1/𝑘 𝑋, 𝑌 = 𝑎𝑋1−𝑛1𝑌1−𝑛2  + ⥥ .



„Proof” of Bartenwerfer.
After these modifications the initial pair 𝑓, 𝑔  is reduced to 
another one 

𝑓 − 𝐺 𝑔1/𝑘 𝑋, 𝑌 = 𝑎𝑋1−𝑛1𝑌1−𝑛2  + ⥥

 𝑔 𝑋, 𝑌 = 𝑋𝑛1𝑌𝑛2 + ⥥
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another pair

 𝑓 𝑋, 𝑌 = 𝑋𝑚1𝑌𝑚2  + ⥥

𝑔 − 𝐹 𝑓1/𝑘 𝑋, 𝑌 = 𝑏𝑋1−𝑚1𝑌1−𝑚2  + ⥥



„Proof” of Bartenwerfer.
After these modifications the initial pair 𝑓, 𝑔  is reduced to 
another one 

𝑓 − 𝐺 𝑔1/𝑘 𝑋, 𝑌 = 𝑎𝑋1−𝑛1𝑌1−𝑛2  + ⥥

 𝑔 𝑋, 𝑌 = 𝑋𝑛1𝑌𝑛2 + ⥥

Changing roles of 𝑓 and 𝑔 in the above reasoning we get yet 
another pair

 𝑓 𝑋, 𝑌 = 𝑋𝑚1𝑌𝑚2  + ⥥

𝑔 − 𝐹 𝑓1/𝑘 𝑋, 𝑌 = 𝑏𝑋1−𝑚1𝑌1−𝑚2  + ⥥

Moreover from 𝑚 ≠ 𝑛 and the jacobian condition it follows
|𝑚1 − 𝑚2| ≠ |𝑛1 − 𝑛2|.



„Proof” of Bartenwerfer. 
Everything up to this point is true. How does the author get a 
contradiction using the above reductions? Assuming that all the 
above formal series converge on „some set 𝑽”, he calculates the 
cardinality of fibers of the mapping (𝒇,𝒈) on this  𝑽 in two ways: 
I. Using the first reduction he calculates that this cardinality is 
equal to |𝑛1 − 𝑛2| .
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„Proof” of Bartenwerfer. 
Everything up to this point is true. How does the author get a 
contradiction using the above reductions? Assuming that all the 
above formal series converge on „some set 𝑽”, he calculates the 
cardinality of fibers of the mapping (𝒇,𝒈) on this  𝑽 in two ways: 
I. Using the first reduction he calculates that this cardinality is 
equal to |𝑛1 − 𝑛2| .
II. Using the second reduction he calculates that this cardinality 
is equal to 𝑚1 − 𝑚2 .
Hence he get 𝑚1 − 𝑚2 = |𝑛1 − 𝑛2|.
 But we noticed above

|𝑚1 − 𝑚2| ≠ |𝑛1 − 𝑛2|.
Contradiction. ↯ ↯ ↯



The fault in a „proof” of Bartenwerfer. 

The error is in the calculation of the cardinality of 
fibers (𝒇,𝒈) on 𝑽 – there is an incorrect manipulation 
of the roots of functions of 𝒇 and 𝒈 when we pass
from formal series to functions.



The fault in a „proof” of Bartenwerfer. 

The error is in the calculation of the cardinality of 
fibers (𝒇,𝒈) on 𝑽 – there is an incorrect manipulation 
of the roots of functions of 𝒇 and 𝒈 when we pass
from formal series to functions.

Steps of the author’s wrong calculations of the 
cardinality of fibers of (𝒇,𝒈):



1. Extension of the domain of the mapping 𝒇, 𝒈 . 

To define appropriate set 𝑉 the author extends the field ℂ to 
another one 𝕂 which satifies the conditions:
1. ℂ ⊂ 𝕂,
2. 𝕂 contains Laurent series in one variables at ∞. 
3. 𝕂 is algebraically closed.
4. 𝕂 is complete with respect to some metric (non-archimedean).

 This is a new point where rigid geometry is applied.
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The above conditions fulfills the following construction

ℂ ⊂ ℂ[[𝑡−1]] ⊂ ℂ((𝑡−1)) ⊂ ℂ((𝑡−1)) ⊂ ℂ((𝑡−1)) =: 𝕂
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1. ℂ[[𝑡−1]] – the ring of formal series in 𝑡−1. The order is 

replaced by the degree deg φ  of a series φ. 
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1. Extension of the domain of the mapping 𝒇, 𝒈 . 

The above conditions fulfills the following construction

ℂ ⊂ ℂ[[𝑡−1]] ⊂ ℂ((𝑡−1)) ⊂ ℂ((𝑡−1)) ⊂ ℂ((𝑡−1)) =: 𝕂
1. ℂ[[𝑡−1]] – the ring of formal series in 𝑡−1. The order is 

replaced by the degree deg φ  of a series φ. 
2. ℂ((𝑡−1)) – the quotient field of ℂ[[𝑡−1]].

3. ℂ((𝑡−1)) - algebraic closure of the field ℂ((𝑡−1)). In fact it is 
the field of formal Puiseux series at ∞ (= series in one variable 
with rational exponents with common denominator).

4.  ℂ((𝑡−1)) - the completion of the field ℂ((𝑡−1)) in the metric

𝑑(φ,ψ):=𝑒deg φ−ψ .



1. Extension of the domain of the mapping 𝒇, 𝒈 . 

Remarks:
1. 𝕂 is algebraically closed.
2. The metric 𝑑(φ,ψ) in 𝕂 is non-archimedean.
3. 𝕂 is complete.
4. In  𝕂 we have non-archimedean absolute  value

φ ≔ 𝑒deg φ

(notice φ𝑛 → 0 iff deg φ𝑛 → −∞).
Definition. An absolute value of a field K (non-archimedean):

| ∙ |: 𝐾 → ℝ≥0

1. 𝑎 = 0 ⟺ 𝑎 = 0,
2. 𝑎𝑏 = 𝑎||𝑏 ,
3. 𝑎 + 𝑏 ≤ max{ 𝑎 , 𝑏 }



2. Definition of an appropriate set 𝑉.

We define
𝑉 ≔ { x, y ∊ 𝕂2: 1 < ε ≤ x = |y| ≤ ρ},

where ε, ρ are chosen such that all the above considered series 
are convergent in 𝑉. This set, in this non-archimedean absolute  
value, is open in 𝕂2. 



2. Definition of an appropriate set 𝑉.

We define
𝑉 ≔ { x, y ∊ 𝕂2: 1 < ε ≤ x = |y| ≤ ρ},

where ε, ρ are chosen such that all the above considered series 
are convergent in 𝑉. This set, in this non-archimedean absolute  
value, is open in 𝕂2. 

Then we have the mapping

𝑓, 𝑔 |𝑉: 𝑉 → 𝑓, 𝑔 (𝑉).

We count the cardinality of fibers of this mapping. 



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉

Let (𝑥0, 𝑦0) ∊ 𝑉 i 
𝑓(𝑥0,  𝑦0), 𝑔(𝑥0,  𝑦0) =: 𝛼, 𝛽 .

From the form of 𝑓 and 𝑔 and properties of the absolute 

value 𝛼, β ≠ 0. We have to count # 𝑓, 𝑔 |𝑉
−1 𝛼, 𝛽 , i.e. the 

number of solutions in 𝑉of the system
𝑓 𝑋, 𝑌 = 𝛼
 𝑔 𝑋, 𝑌 = 𝛽



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.
Now we want to use reductions from the first part of the proof. 
We reduced the mapping 𝑓, 𝑔  to 

𝑓 − 𝐺 𝑔1/𝑘 𝑋, 𝑌 = 𝑎𝑋1−𝑛1𝑌1−𝑛2  + ⥥

 𝑔 𝑋, 𝑌 = 𝑋𝑛1𝑌𝑛2 + ⥥
and

 𝑓 𝑋, 𝑌 = 𝑋𝑚1𝑌𝑚2  + ⥥

𝑔 − 𝐹 𝑓1/𝑘 𝑋, 𝑌 = 𝑏𝑋1−𝑚1𝑌1−𝑚2  + ⥥

The above reductions were formal and used formal k-th root of 

the considered series (precisely fixed one roots 𝑔1/𝑘 and 𝑓1/𝑘). 
When we treat these series as functions in V we have to consider 
the remaining roots. 



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.

To use the above reductions (precisely the first reduction) in 
solving in V the system 

ቊ
𝑓 𝑋, 𝑌 = 𝛼, 

𝑔 𝑋, 𝑌 = 𝛽.

we should find all solutions in V of 𝑘 systems

ቐ
𝑓 𝑋, 𝑌 = 𝛼, 

𝑔
1

𝑘 𝑋, 𝑌 = ෨𝛽,
     ቐ

𝑓 𝑋, 𝑌 = 𝛼, 

ε𝑔
1

𝑘 𝑋, 𝑌 = ෨𝛽,
     …      ቐ

𝑓 𝑋, 𝑌 = 𝛼, 

ε𝑘−1𝑔
1

𝑘 𝑋, 𝑌 = ෨𝛽,

where ε is a primitive k-th root of unity and 𝑔
1

𝑘 𝑥0,  𝑦0 =: ෨𝛽. 

Obviously ෨𝛽𝑘 = 𝛽.



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.

In turn each system 

ቐ
𝑓 𝑋, 𝑌 = 𝛼, 

ε𝑖𝑔
1
𝑘 𝑋, 𝑌 = ෨𝛽,

has the same number of solutions as the following one

൞
𝑓 𝑋, 𝑌 − 𝐺 ε𝑖𝑔

1
𝑘 𝑋, 𝑌 = 𝛼 − 𝐺( ෨𝛽), 

ε𝑖𝑔
1
𝑘 𝑋, 𝑌 = ෨𝛽.



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.
The author shows that the first of these systems (for 𝑖 = 0) i.e.

൞
𝑓 𝑋, 𝑌 − 𝐺 𝑔

1
𝑘 𝑋, 𝑌 = 𝛼 − 𝐺( ෨𝛽), 

𝑔
1
𝑘 𝑋, 𝑌 = ෨𝛽.

has exactly
𝑛1−𝑛2

𝑘
 solutions in V because, by the reduction, the 

left hand sides have particular forms

 𝑓 𝑋, 𝑌 − 𝐺 𝑔
1

𝑘 𝑋, 𝑌 = 𝑎𝑋1−𝑛1𝑌1−𝑛2+ ⥥

                                       𝑔
1

𝑘 𝑋, 𝑌 = 𝑋
𝑛1
𝑘 𝑌

𝑛2
𝑘 + ⥥



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.

That is, the author shows that the systems for 𝑖 = 0 i.e.

ቐ
𝑎𝑋1−𝑛1𝑌1−𝑛2+ ⥥  = 𝛼 − 𝐺( ෨𝛽), 

𝑋
𝑛1
𝑘 𝑌

𝑛2
𝑘 + ⥥ =  ෨𝛽.

has exactly
𝑛1−𝑛2

𝑘
 solutions in V. The idea of the proof will be 

given in a moment.



2. Author’s error.
He solves only one system for 𝑖 = 0 . But we couldn’t say the 
same on the remaining systems. In fact, for 𝑖 = 0 the reduction 
gives

𝑓 𝑋, 𝑌 − 𝐺 𝑔
1
𝑘 𝑋, 𝑌 = 𝑎𝑋1−𝑛1𝑌1−𝑛2+ ⥥.

In the remaining cases nothing guarantees us that for all  𝑖 =

1, … , 𝑘-1,  𝑓 𝑋, 𝑌 − 𝐺 ε𝑖𝑔
1

𝑘 𝑋, 𝑌  has a similar leading form

𝑓 𝑋, 𝑌 − 𝐺 ε𝑖𝑔
1
𝑘 𝑋, 𝑌 = 𝑏𝑋1−𝑛1𝑌1−𝑛2+ ⥥

This property is crucial in the proof that the number of solutions 

is
𝑛1−𝑛2

𝑘
. 



2. Author’s error.
In fact, more detailed analysis leads to conclusion that there exists 
𝑖 ∊ {1, … , 𝑘 − 1}  such that the system

൞
𝑓 𝑋, 𝑌 − 𝐺 ε𝑖𝑔

1
𝑘 𝑋, 𝑌 = 𝛼 − 𝐺( ෨𝛽), 

ε𝑖𝑔
1
𝑘 𝑋, 𝑌 = ෨𝛽.

has no solutions in V. Moreover, systems which have solutions in 

V,  have precisely
𝑛1−𝑛2

𝑘
 solutions.



2. Author’s error.
Therefore, from this reasoning we cannot draw the conclu-
sion that 𝑘 systems

ቐ
𝑓 𝑋, 𝑌 = 𝛼, 

𝑔
1

𝑘 𝑋, 𝑌 = ෨𝛽,
     ቐ

𝑓 𝑋, 𝑌 = 𝛼, 

ε𝑔
1

𝑘 𝑋, 𝑌 = ෨𝛽,
     …      ቐ

𝑓 𝑋, 𝑌 = 𝛼, 

ε𝑘−1𝑔
1

𝑘 𝑋, 𝑌 = ෨𝛽,

have

 𝑘 ∙
𝑛1−𝑛2

𝑘
= 𝑛1 − 𝑛2

solutions in V. In fact the above systems has less solutions in V 
than 𝑛1 − 𝑛2 .

 This is the main author’s fault.



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.
The idea of the proof that the system

𝑓 − 𝐺 𝑔1/𝑘 𝑋, 𝑌 = α − 𝐺 ෨𝛽

𝑔1/𝑘 𝑋, 𝑌 = ෨𝛽
that is

ቐ
𝑎𝑋1−𝑛1𝑌1−𝑛2+ ⥥  = 𝛼 − 𝐺( ෨𝛽), 

𝑋
𝑛1
𝑘 𝑌

𝑛2
𝑘 + ⥥ =  ෨𝛽.

has exactly
𝑛1−𝑛2

𝑘
 solutions in V. 



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.

First we reduce the equations to the homogeneous forms of the 
highest degree i.e. 

𝑎𝑋1−𝑛1𝑌1−𝑛2  = α − 𝐺 ෨𝛽

 𝑋𝑛1/𝑘𝑌𝑛2/𝑘 = ෨𝛽
 
This system has exactly 𝑛1 − 𝑛2 /𝑘 solutions in V.



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.

First we reduce the equations to the homogeneous forms of the 
highest degree i.e. 

𝑎𝑋1−𝑛1𝑌1−𝑛2  = α − 𝐺 ෨𝛽

 𝑋𝑛1/𝑘𝑌𝑛2/𝑘 = ෨𝛽
 
This system has exactly 𝑛1 − 𝑛2 /𝑘 solutions in V.
Next we „extend” these solutions to true solutions of the initial 
system by using a general variant of the Hensel lemma given by 
Bourbaki. 



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.
Bourbaki. Commutative Algebra, Ch. III, §4.5,Cor. 2.
Theorem. Let 𝐴 be a commutative ring and 𝔪 an ideal in A 
satisfying conditions:
1. 𝐴 is a topological ring with the topology given by ideals as 
a base of neighbourhoods of the zero,
2. 𝐴 is Hausdorff and complete.
4. 𝔪 is closed.
5. Elements of 𝔪 are topologically nilpotent.
If 𝑓 = (𝑓1, … , 𝑓𝑛) ∊ 𝐴{𝑋1, … , 𝑋𝑛}𝑛 and for some 𝑎 ∊ 𝐴𝑛 the 
jacobian 𝐽𝑎𝑐(𝑓)(𝑎) is inversible in A and 𝑓(𝑎) ≡ 0(𝑚𝑜𝑑 𝔪), 
then there exists the unique element x ∊ 𝐴𝑛, such that x ≡
𝑎(𝑚𝑜𝑑 𝔪) and 𝑓 𝑥 = 0.



2. Counting the cardinality of fibers of 𝑓, 𝑔 |𝑉.

In terms of our reasoning:
𝐴 = 𝑥 ∊ 𝕂: 𝑥 ≤ 1 − ring,
𝔪 = 𝑥 ∊ 𝕂: 𝑥 < 1  − ideal,

𝐵𝑖 = 𝑥 ∊ 𝕂: 𝑥 <
1

𝑖
 − base .



Conclusions.

I. The proof is false and couldn’t be repaired.
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II. New elements:
1. Using the Laurent series in two variables at infinity.
2. Using rigid geometry to cope with generalized solutions of 
the systems of polynomials (solutions at infinity).



Conclusions.

I. The proof is false and couldn’t be repaired.
II. New elements:
1. Using the Laurent series in two variables at infinity.
2. Using rigid geometry to cope with generalized solutions of 
the systems of polynomials (solutions at infinity).
III. The Jacobian Conjecture is still open.



Thank you for attention
arXiv: 2306.03996
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